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Abstract: We develop an exceptional generalised geometry formalism for massive
type IIA supergravity. In particular, we construct a deformation of the generalised
Lie derivative, which generates the type IIA gauge transformations as modified by the
Romans mass. We apply this new framework to consistent Kaluza–Klein reductions
preserving maximal supersymmetry. We find a generalised parallelisation of the
exceptional tangent bundle on S6, and from this reproduce the consistent truncation
ansatz and embedding tensor leading to dyonically gauged ISO(7) supergravity in
four dimensions. We also discuss closely related hyperboloid reductions, yielding a
dyonic ISO(p, 7 − p) gauging. Finally, while for vanishing Romans mass we find a
generalised parallelisation on Sd, d = 4, 3, 2, leading to a maximally supersymmetric
reduction with gauge group SO(d + 1) (or larger), we provide evidence that an
analogous reduction does not exist in the massive theory.
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1 Introduction
Consistent Kaluza–Klein truncations establish an exact map between supergravity
theories in different dimensions and have been used to embed into string theory
interesting solutions such AdS vacua, black holes, domain walls, and Lifshitz or
Schro¨dinger non-relativistic backgrounds, to mention only a few. Consistency re-
quires that the dependence of the higher-dimensional fields on the internal manifold
factorises out once the truncation ansatz is plugged into the equations of motion.
This is a highly non-trivial condition, which — aside from the cases where it is
ensured by some symmetry — makes consistent truncations rare and hard to con-
struct. Dimensional reductions on certain spheres provide prominent examples of
consistent truncations that are not the consequence of a manifest symmetry, the
best known instances being eleven-dimensional supergravity on S7 [1] or S4 [2], and
type IIB supergravity on S5 [3]. Recently, there has been progress in clarifying the
systematics of these reductions by working with reformulations (and extensions) of
higher-dimensional supergravity theories that make some form of U-duality symme-
try manifest, see e.g. [4–13].
An important aspect in dimensional reductions is to establish the precise rela-
tion between the gauge symmetry of the lower-dimensional theory and its higher-
dimensional origin. This becomes even more crucial for compactifications preserving
maximal supersymmetry, since specifying which subgroup of the U-duality group is
gauged suffices to completely determine the truncated theory. Generically, a sub-
group of the gauge group originates from the Killing symmetries of the internal
manifold, as is standard in Kaluza–Klein reductions. However, higher-dimensional
supergravities come with p-form potentials, which carry their own gauge symmetry
and also contribute to the gauging of the truncated theory. The problem is therefore
studied more effectively if one can treat diffeomorphisms and p-form gauge transfor-
mations in a unified fashion. A formalism that accomplishes this and at the same
time has En(n) manifest as a structure group is provided by exceptional generalised
geometry.
In exceptional generalised geometry [14, 15], given a d-dimensional internal man-
ifold Md, one studies geometric structures defined on a certain generalised tangent
bundle, which extends the ordinary tangent bundle. While ordinary vectors generate
diffeomorphisms, sections of this generalised bundle also encode all the gauge param-
eters of the supergravity theory onMd, and — if one starts from type II supergravity
— naturally transform under the U-duality group Ed+1(d+1) × R+. The full set of
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internal diffeomorphisms and p-form gauge transformations is generated by an ex-
tension of the usual Lie derivative. This is denoted by L and is called generalised Lie
derivative (or Dorfman derivative). This operator is a key tool to study the gauge
symmetry of a compactification.
In [8] it was observed that consistent truncations with maximal supersymmetry
are related to the existence of a generalised Leibniz parallelisation, namely a globally-
defined frame {EˆA} for the generalised tangent bundle that also satisfies the property
LEˆAEˆB = XAB
CEˆC , (1.1)
with constant coefficients XAB
C . A frame satisfying (1.1) defines a Leibniz algebra,
hence the qualification “Leibniz” attributed to the parallelisation. Starting from
a generalised Leibniz parallelisation, one can define a generalised Scherk–Schwarz
reduction. As the name suggests, this is a generalisation of conventional Scherk–
Schwarz reductions on local group manifolds [16] to a larger class of manifolds, which
preserves the same amount of supersymmetry as the original higher-dimensional
theory. The constants (XA)B
C correspond to the generators of the lower-dimensional
gauge group, and are tantamount to the embedding tensor that fully determines the
gauged maximal supergravity. The truncation defined by the generalised Scherk–
Schwarz procedure is conjectured to be consistent. Although it has not been proved
in full generality, this expectation is supported by a number of examples.
Examples of spaces that are parallelisable in the generalised sense but not in
the ordinary sense are provided by spheres. It was argued in [8] that all known
sphere consistent truncations can be understood as generalised Scherk–Schwarz re-
ductions. It was shown there that all d-dimensional spheres Sd admit a generalised
Leibniz parallelisation trivialising the GL(d + 1) bundle T ⊕ Λd−2T ∗ and satisfying
the SO(d+1) algebra. For eleven-dimensional supergravity on S4 or S7, or type IIB
supergravity on S5, this parallelisation was extended to a Leibniz parallelisation of
the full exceptional generalised tangent bundle, which contains the GL(d + 1) bun-
dle. It was also shown how applying a Scherk–Schwarz procedure to the generalised
frame, instead of the ordinary one, determines the consistent truncation ansatz for
all of the lower-dimensional scalar fields.
A similar approach has been adopted for studying generalised Scherk–Schwarz
reductions using exceptional field theory, see e.g. [9, 11, 12]. In particular the gener-
alised parallelisation has been used to define, in addition, the gauge and higher-tensor
fields in the truncation. Formally, under the section condition, the equations of ex-
ceptional field theory and exceptional generalised geometry are the same. In this
paper, we will use the latter formulation, so that our perspective is that the geomet-
ric degrees of freedom are precisely those of ten-dimensional supergravity, and we
will not consider any enlargement of the physical space-time.
In this paper, we use the formalism of generalised geometry to study consistent
truncations of type IIA supergravity preserving maximal supersymmetry. In the first
– 3 –
part, we develop further the formulation of generalised geometry relevant for type
IIA supergravity, originally introduced in [14, 17], and we extend it to the case where
the Romans mass is switched on. As first step, we specify the Dorfman derivative
for massless type IIA supergravity; this is easily done by reducing the M-theory
derivative given in [18]. Then we extend it to the massive case. This step is non-
trivial for the following reason. In generalised geometry, fluxes of the supergravity
field strengths are incorporated via a twisting of the generalised tangent bundle by the
respective potentials. However, this cannot accommodate the Romans mass, since
being a zero-form flux it has no associated potential. We overcome this limitation
by recalling that, while introducing the Romans mass does not modify the basic
degrees of freedom of IIA supergravity, it does affect the gauge transformations.
This implies that the Dorfman derivative needs be modified, so that it generates the
correct massive gauge transformations. We construct the operator accomplishing
this, that we call massive Dorfman derivative. This also implies that the generalised
tangent bundle is patched in a way different from the massless case.
In the second part of the paper, we apply the generalised geometry formalism to
consistent truncations of type IIA supergravity preserving maximal supersymmetry.
We show how starting from a generalised Leibniz parallelisation one can construct a
generalised Scherk–Schwarz truncation ansatz for the scalar fields as well as for the
bosonic fields with external legs, giving explicit expressions in terms of the type IIA
fields. We also provide a partial proof of consistency of the truncation by studying the
reduction of the higher-dimensional gauge transformations, thus setting the reduction
on more solid ground.
Then we construct explicit parallelisations of the type IIA Ed+1(d+1)×R+ gener-
alised tangent bundle on the d-dimensional spheres Sd, for d = 6, 4, 3, 2. For S6, we
recover the consistent truncation to the four-dimensional, dyonically gauged ISO(7)
supergravity [19, 20] recently worked out in [21–23]. In particular, we reproduce the
full bosonic truncation ansatz starting from the generalised parallelisation. In addi-
tion, we obtain the ansatz for the dual type IIA fields. The role of the Romans mass
in this truncation is to introduce a magnetic gauging of the translational part of the
group ISO(7). We also discuss closely related parallelisations where S6 is replaced
by one of the six-dimensional hyperboloids Hp,7−p; these yield dyonically gauged
ISO(p, 7−p) supergravity, where again the Romans mass entails a magnetic gauging
of the translational symmetries. For vanishing Romans mass, these correspond to
the S6 and Hp,7−p truncations identified in [24]. Together they provide the uplift of
all dyonic gaugings in the CSO(p, q, r) class [20], aside for SO(8) (which, in contrast,
has been shown not to have a locally geometric uplift [25]).
For massless type IIA on S4, S3 and S2, we find generalised Leibniz paralleli-
sations whose gauge group is SO(5), ISO(4) and SO(3), respectively. This matches
previously known consistent truncations on such manifolds. We also find that when
the Romans mass is switched on, these parallelising frames fail to satisfy an algebra.
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This is in contrast with the S6 case, where the Romans mass modifies the gauge
group generators XAB
C without spoiling the Leibniz property (1.1) of the parallelis-
ing frame. We are thus led to investigate the existence of alternative frames. We
analyse the S3 case in detail, and prove a no-go result indicating the absence of a
consistent truncation of massive type IIA supergravity down to a maximal super-
gravity in seven dimensions with SO(4) gauge group (or larger). We also comment
on the S4 and S2 cases along similar lines.
The structure of the paper is as follows. In section 2 we briefly summarise the
features of massive type IIA supergravity that will be relevant for our construction.
In section 3 we present the type IIA generalised geometry for vanishing Romans mass.
The deformation of the generalised Lie derivative accommodating for the latter is
given in section 4. In section 5 we illustrate the generalised Scherk–Schwarz reduction
and in section 6 we apply it to various examples. Section 7 contains our conclusions.
Several technical details of our derivations are relegated to the appendices.
2 Gauge symmetries of massive IIA
In this section we give a brief summary of type IIA supergravity, focusing on its
gauge transformations. We will work with the democratic formulation of [26], which
is the natural framework for applying generalised geometry.
The NSNS sector of type II supergravity is given by the usual two-form potential
B, with field strength H = dB, and a dual six-form potential B˜. The RR sector
contains the odd potentials C1, C3, together with their duals C7, C5. There is also a
nine-form C9 which does not carry any degree of freedom and whose field strength is
dual to the Romans massm [27]. In the democratic formulation, all RR potentials are
treated on the same footing, and can be arranged in the poly-form C =
∑4
k=0C2k+1.
The field strength1
F = dC −H ∧ C +m eB (2.1)
is invariant under an infinitesimal gauge transformation of the NSNS two-form and
RR potentials2
δB = −dλ ,
δC = −eB ∧ (dω −mλ) , (2.2)
where λ is a one-form and ω =
∑4
k=0 ω2k a poly-form of even degree. When m 6= 0,
the RR potential C1 can be gauged away by a suitable choice of the NSNS gauge
1 There exists another common choice for the RR potential, the A-basis, which is related to the
C-basis we use as A = e−B ∧ C . In this basis the field strength (2.1) reads F = eB ∧ (dA+m) .
2Our sign conventions for the gauge transformations are chosen so that they match the gener-
alised geometry expressions to be introduced later.
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parameter λ. The field strength F satisfies the Bianchi identity
dF = H ∧ F , (2.3)
together with the self-duality relation
∗ F = s(F ) , (2.4)
where s(Fn) = (−1)[n/2]Fn is the transposition operator, which reverses the order
of the indices. The Bianchi identity and the self-duality relation together imply the
equations of motion for the RR fields.
The NSNS six-form potential B˜ is defined by interpreting the equation of motion
for B,
d
(
e−2φ ∗H)+ 1
2
[F ∧ ∗F ]8 = 0 , (2.5)
as the Bianchi identity for the dual seven-form field strength, defined as
H˜ = e−2φ ∗H . (2.6)
The [. . .]8 in (2.5) denotes the eight-form component of the poly-form in the bracket.
Using the self-duality relation (2.4), eq. (2.5) can be written as
d
(
H˜ + 1
2
[
s(F ) ∧ C +m e−B ∧ C]
7
)
= 0 , (2.7)
which is solved by
H˜ = dB˜ − 1
2
[
s(F ) ∧ C +m e−B ∧ C]
7
. (2.8)
Requiring gauge invariance of the field strength H˜ fixes the linearised gauge trans-
formation of B˜ as [28, 29]3
δB˜ = −(dσ +mω6)− 12
[
eB ∧ (dω −mλ) ∧ s(C)]
6
, (2.9)
where σ is a five-form, while λ and ω2k are the parameters of the B-field and RR
gauge transformations (2.2). We thus find that in the massive theory, B˜ is no longer
invariant under B gauge transformations. Also notice that the ω6 gauge transforma-
tion can be used to set B˜ = 0 in the case where m 6= 0.
From the infinitesimal gauge transformations above, we infer that the deforma-
tion due to the Romans mass can be summarised into the shifts
dω0 −→ dω0 −mλ ,
dσ −→ dσ +mω6 . (2.10)
This observation will guide us in the construction of generalised geometry for massive
type IIA.
3The B˜ in the present paper is related to the ones of [28] and [29] by a field redefinition. The
one in (B.7) of [28] is related to ours as B˜there = (B˜ + 12C1 ∧ C5)here. The one in (2.29) of [29] is
B˜there = (B˜ − 12C1 ∧ C5 + 12B ∧ C1 ∧ C3)here.
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3 Type IIA exceptional generalised geometry
In this section we give a detailed description of the exceptional generalised geometry
for compactifications of massless type IIA supergravity. Generalised geometry al-
lows to treat on the same ground diffeomorphisms and transformations of the gauge
potentials of type II supergravity or M-theory. This is achieved by constructing an
extended tangent space over the compactification manifold whose transition functions
are combinations of standard GL(d) and gauge transformations of the supergravity
potentials.
Generalised complex geometry, as originally proposed by Hitchin [30, 31], ge-
ometrises the NSNS sector of type II supergravity. Hitchin’s generalised tangent
bundle, is isomorphic to the sum T ⊕ T ∗ of the tangent and cotangent bundle to
the d-dimensional compactification manifold Md, and is patched by GL(d) trans-
formations and gauge shifts of the NSNS two-form B. The structure group of this
extended bundle is O(d, d), the T-duality group of the compactification on a d-
dimensional torus. From a string theory perspective, T and T ∗ parameterise the
quantum number of the string, that is momentum and winding charge. Extending
this construction to include the RR potentials in type II supergravity [14, 17, 32],
or adapting it to M-theory compactifications [14, 15, 18, 33], leads to exceptional
generalised geometry. In this case the structure group of the generalised tangent
bundle is the U-duality group, and the bundle parameterises all the charges of the
theory under study, that is momenta and winding, as well as NS- and D-brane (or
M-brane) charges.
While in O(d, d) generalised geometry the structure of the generalised tangent
bundle is the same in type IIA and IIB and does not depend on the dimension of
the manifold Md, the exceptional tangent bundle takes a different form depending
on whether one works in type IIA or type IIB supergravity, and depending on the
dimension ofMd its fibres transform in different representations of the structure group
Ed+1(d+1) ×R+ [14, 17, 32]. The exceptional geometry for IIA compactifications was
partly constructed in [17]. In the following, we extend the analysis of [17] to the
construction of the generalised Lie derivative, generalised split frame and generalised
metric. As we show in appendix B, a straightforward way to obtain these objects is
to reduce the corresponding M-theory ones presented in [18, 33].
For definiteness we will focus on structures defined on a six-dimensional manifold
M6. However, if one is interested in an internal space of dimension d < 6, the relevant
expressions are easily obtained from those given below by dropping all forms of degree
higher than d.
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3.1 The generalised tangent bundle
The exceptional generalised tangent bundle E on M6 is isomorphic (in a way that
we will specify below) to the bundle [14, 17]
Eˇ = T ⊕ T ∗ ⊕ Λ5T ∗ ⊕ (T ∗ ⊗ Λ6T ∗)⊕ ΛevenT ∗ , (3.1)
where ΛevenT ∗ = R ⊕ Λ2T ∗ ⊕ Λ4T ∗ ⊕ Λ6T ∗. Roughly speaking, the first two terms
in (3.1) are associated to the momentum and winding of string states, while Λ5T ∗ and
(T ∗ ⊗ Λ6T ∗) can be seen as the NS five-brane and Kaluza–Klein monopole charges,
respectively. Similarly ΛevenT ∗ corresponds to charges of the IIA D-branes.
The structure group of E is E7(7) × R+, and its fibres, also called generalised
vectors, transform in the 561 representation, where the subscript denotes the R
+
weight.4 The form (3.1) corresponds to the decomposition of this representation un-
der the GL(6) structure group ofM6. According to this decomposition, a generalised
vector can be written as
V = v + λ+ σ + τ + ω , (3.2)
where at any point on M6, v ∈ T is an ordinary vector, λ ∈ T ∗ is a one-form,
σ ∈ Λ5T ∗ is a five-form, τ = τ1⊗ τ6 ∈ T ∗⊗Λ6T ∗ is the tensor product of a one-form
and a six-form, and ω = ω0 + ω2 + ω4 + ω6 ∈ ΛevenT ∗ is a poly-form of even degree.
It is also useful to consider the decomposition under GL(6) of the adjoint bundle
ad ⊂ E ⊗ E∗,
ad = R∆ ⊕ Rφ ⊕ (T ⊗ T ∗)⊕ Λ2T ⊕ Λ2T ∗ ⊕ Λ6T ⊕ Λ6T ∗ ⊕ ΛoddT ⊕ ΛoddT ∗ . (3.3)
Its sections R transform in the 1330 + 10 of E7(7) × R+, and decompose as
R = l + ϕ+ r + β +B + β˜ + B˜ + Γ + C , (3.4)
where each term in the sum is a section of the corresponding sub-bundle in (3.3). The
adjoint bundle encodes the transformations of the supergravity theory. Specifically,
r ∈ End(T ) corresponds to the GL(6) action, while the scalars l and ϕ are related
to the shifts of the warp factor and dilaton, respectively. The forms B, B˜ and
C = C1 + C3 + C5 correspond to the internal components of the NSNS two-form,
of its dual and of the RR potentials. The other elements are poly-vectors obtained
by raising the indices of the forms, and do not have an immediate supergravity
counterpart.
There are two other objects that will appear later. The first is N , a sub-bundle
of the symmetric product S2E, whose fibres transform in the 1332 representation of
E7(7) × R+. It is given by
N ≃ R⊕Λ4T ∗⊕ΛoddT ∗⊕Λ6T ∗⊕(T ∗⊗Λ5T ∗)⊕(Λ2T ∗⊕Λ6T ∗⊕ΛoddT ∗)⊗Λ6T ∗. (3.5)
4One can construct the symplectic and quartic invariants characterising E7(7) and show that
they are indeed preserved when the sections are patched as in (3.8) below.
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The second is K, a sub-bundle of E∗ ⊗ ad, whose fibres transform in the 912−1
representation. We will not give its GL(6) decomposition here, but it is simple to
obtain it from the expression in [18].
The NSNS and RR supergravity potentials do not need to be globally defined,
and can give rise to fluxes threading non-trivial cycles of the internal manifold. This
is encoded in generalised geometry by a twist of the generalised tangent bundle. If
we start from the bundle Eˇ in (3.1), and denote by Vˇ = vˇ+ λˇ+ σˇ+ τˇ+ ωˇ its sections,
then we define a section V = v + λ+ σ + τ + ω on the twisted bundle E as
V = eB˜ e−B eC · Vˇ , (3.6)
where · denotes the adjoint action of the E7(7) × R+ algebra, whose explicit form is
given in appendix B.2.5 It is this twist that specifies the isomorphism between E
and the untwisted bundle Eˇ. Splitting (3.6) in GL(6) representations yields
v = vˇ ,
λ = λˇ+ ιvˇB ,
σ = σˇ + ιvˇB˜ −
[
s(C) ∧ (ωˇ + 1
2
ιvˇC +
1
2
λˇ ∧ C)]
5
,
τ = τˇ + jB ∧ [σˇ − s(C) ∧ (ωˇ + 1
2
ιvˇC +
1
2
λˇ ∧ C)]
5
+ jB˜ ∧ (λˇ+ ιvˇB)
− js(C) ∧ (ωˇ + 1
2
ιvˇC +
1
2
λˇ ∧ C) ,
ω = e−B ∧ (ωˇ + ιvˇC + λˇ ∧ C) , (3.7)
where the “j-notation” is explained in appendix A.
Given two coordinate patches Uα and Uβ on M6, the patching condition for the
generalised vector V on the overlaps Uα ∩Uβ includes p-form gauge transformations
and reads
V(α) = e
dΛ˜(αβ) edΩ(αβ) e−dΛ(αβ) · V(β) , (3.8)
where Λ(αβ) is a one-form, Λ˜(αβ) a five-form, and Ω(αβ) a poly-form of even degree, all
defined on Uα∩Uβ . Plugging (3.6) into (3.8) and reorganising the exponentials on the
right hand side, one obtains the patching conditions for the supergravity potentials:
B(α) = B(β) + dΛ(αβ) ,
C(α) = C(β) + e
B(β)+dΛ(αβ) ∧ dΩ(αβ) ,
B˜(α) = B˜(β) + dΛ˜(αβ) +
1
2
[
dΩ(αβ) ∧ eB(β)+dΛ(αβ) ∧ s(C(β))
]
6
. (3.9)
As we clarify in appendix C, these do indeed correspond to the finite supergravity
gauge transformations between patches (here given for vanishing Romans mass, m =
0). This construction generalises the standard definition of a gerbe connection.
5In the A-basis of footnote 1, the relation (3.6) between twisted and untwisted generalised vectors
is expressed as V = eA eB˜ e−B · Vˇ , as it can be checked using the formula (B.30). This is the form
of the twist that was used in [17].
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While here we constructed the twisted bundle E by postulating the patching (3.8)
and showing that with the twist (3.6) it leads to the appropriate supergravity trans-
formations, in appendix C we take a converse viewpoint and illustrate how one can
instead start from the supergravity transformations and from these derive the patch-
ing conditions (3.8).
Formally the twisted bundle E is described as a series of extensions
0 −→ T ∗ −→ E ′ −→ T −→ 0 ,
0 −→ ΛevenT ∗ −→ E ′′ −→ E ′ −→ 0 ,
0 −→ Λ5T ∗ −→ E ′′′ −→ E ′′ −→ 0 ,
0 −→ T ∗ ⊗ Λ6T ∗ −→ E −→ E ′′′ −→ 0 , (3.10)
where, as above, the exact sequences are split by the supergravity potentials, which
provide an isomorphism E ∼= Eˇ. Note that these sequences define a natural surjective
mapping π : E → T known as the anchor map. One can additionally view E as an
extension of Hitchin’s generalised tangent space E ′ [30, 31] by O(d, d)× R+ tensor
bundles, as we describe in appendix D.
When discussing the generalised Scherk–Schwarz truncations we will need sub-
bundles of E and N that do not fully span a representation of E7(7) × R+ and are
obtained projecting out some of the components of the original bundle. A first
example is the bundle E ′′′ in (3.10), which corresponds to projecting out the dual
graviton term τ ∈ T ∗⊗Λ6T ∗ using the natural map in the last line of (3.10). Hence
the sections of E ′′′ are simply given by v + λ + σ + ω. We will also need a bundle
N ′, given by
N ′ ≃ R⊕ Λ4T ∗ ⊕ ΛoddT ∗ , (3.11)
which is obtained from the bundle N defined in (3.5) with analogous projections (see
appendix B). Sections of N ′ can be constructed pairing two generalised vectors V
and V ′ into the product
V ⊗N ′ V ′ = v y λ′ + v′y λ
+ v y σ′ + v′ y σ + [ω ∧ s(ω′)]4
+ v yω′ + λ ∧ ω′ + v′yω + λ′ ∧ ω . (3.12)
3.2 The (massless) generalised Lie derivative
On the generalised bundle one can define a generalised Lie derivative (or Dorfman
derivative). This is an extension of the ordinary Lie derivative that generates the
infinitesimal generalised diffeomorphisms, namely the ordinary diffeomorphisms to-
gether with the NSNS and RR gauge transformations [18, 33]. Given two vectors
v, v′ ∈ Γ(TM6), the ordinary Lie derivative Lvv′ can be written in components as a
gl(6) action
(Lvv′)m = vn∂nv′m − (∂ × v)mnv′n , (3.13)
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where the symbol × is the product of the fundamental and dual representation of
GL(6), (∂ × v)mn = ∂nvm. The Dorfman derivative L is defined in an analogous
way, with ordinary vectors replaced by generalised vectors of the twisted bundle E.
Namely, using an index M to denote the components of a generalised vector V in a
standard coordinate basis,
V M = {vm, λm, σm1...m5 , τm,m1...m6 , ω, ωm1m2 , ωm1...m4 , ωm1...m6} , (3.14)
and embedding the standard derivative operator as a section of the dual generalised
tangent bundle E∗, ∂M = (∂m, 0, . . . , 0), the Dorfman derivative is defined as [18]
(LV V
′)M = V N∂NV
′M − (∂ ×ad V )MNV ′N , (3.15)
where ×ad is the projection onto the adjoint bundle
×ad : E∗ ⊗ E → ad . (3.16)
This gives
∂ ×ad V = ∂ × v − dλ+ dσ + dω . (3.17)
The derivative (3.15) satisfies the Leibniz property
LV (LV ′V
′′) = LV ′(LV V
′′) + LLV V ′V
′′ , (3.18)
but in general is not antisymmetric, LV V
′ 6= −LV ′V . In the GL(6) decomposition,
(3.15) takes the form
LV V
′ = Lvv′ + (Lvλ′ − ιv′dλ) + (Lvσ′ − ιv′dσ + [s(ω′) ∧ dω]5)
+ (Lvτ ′ + jσ′ ∧ dλ+ λ′ ⊗ dσ + js(ω′) ∧ dω)
+ (Lvω′ + dλ ∧ ω′ − (ιv′ + λ′∧)dω) . (3.19)
This can be derived from (3.15) computing the adjoint action or, as we show in
appendix B, by reducing the M-theory Dorfman derivative. It can also be writ-
ten in terms of natural derivative operators in O(d, d) generalised geometry (see
appendix D).
One can also construct the action of the generalised Lie derivative on the un-
twisted bundle Eˇ defined in (3.1). The new operator can be denoted by Lˇ and is
defined as:
LˇVˇ Vˇ
′ = e−C eB e−B˜ · LV V ′ , (3.20)
where we used the relation (3.6) between twisted and untwisted generalised vectors.
Lˇ may be dubbed twisted Dorfman derivative.6 Expanding in GL(6) components
6When the generalised tangent bundle is untwisted, the Dorfman derivative is twisted, and
vice-versa.
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one can show that the twisted Dorfman derivative has the same expression as (3.19),
where all twisted components are replaced by the untwisted ones and with the sub-
stitutions
dλˇ → dλˇ− ιvˇH ,
dσˇ → dσˇ − [s(ωˇ) ∧ F ]6 ,
dωˇ → (d−H∧)ωˇ − (ιvˇ + λˇ∧)F , (3.21)
where H is the supergravity NSNS three-form on M6 while F = F2+F4+F6 are the
RR fluxes, sitting in a spinor representation of O(6, 6), and both are contained in
the bundle K whose fibres transform in the 912−1 representation of E7(7) ×R+ [17].
Applying the projection 561 ⊗ 912−1 → 1330 to the generalised vector Vˇ and the
flux part of the 912−1 we obtain an element of the adjoint
R = −ιvˇH + ωˇ ∧H − (ιvˇF + λˇ ∧ F ) + ωˇ ∧ F (3.22)
and it is the action of this on Vˇ ′ which gives the flux terms (3.21) in the twisted
Dorfman derivative.
The twisted Dorfman derivative is often more useful than (3.19) in concrete
computations, as it contains the gauge-invariant NSNS and RR field strengths and
not the potentials.
Since only the gauge-invariant field strengths appear, it is clear that the twisted
derivative LˇVˇ Vˇ
′ yields a well-definite section of the untwisted bundle Eˇ. Hence (3.20)
proves that the twisted vector LV V
′ transforms as a section of the twisted bundle E.
In view of the extension to massive IIA, it is useful to stress again that the
Dorfman derivative generates the infinitesimal generalised diffeomorphisms on the
internal manifold Md. Interpreting a generalised vector V as a gauge parameter, the
infinitesimal gauge transformation of any field is given by
δV = LV . (3.23)
The Leibniz property (3.18) then just expresses the gauge algebra [δV , δV ′ ] = δLV V ′.
3.3 Generalised frame and metric
In generalised geometry the physical fields of a given supergravity theory, dilaton,
metric and gauge potentials, are encoded in the generalised metric G. In the same
way as the ordinary metric on the manifold M6 can be seen as an O(6) structure
on TM6 parameterising the coset GL(6)/ SO(6), the generalised metric can be seen
as an SU (8)/Z2 structure on the generalised tangent bundle, and parameterises the
coset E7(7)/(SU (8)/Z2).
The construction of the generalised metric is a natural extension of what is done
for the more familiar metric g. For instance, G can be defined by its action on two
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generalised twisted vectors V and V ′ as
G(V, V ′) = vˇ y vˇ′ + λˇ y λˇ′ + σˇ y σˇ′ + τˇ y τˇ ′ +
3∑
k=0
ωˇ2k y ωˇ
′
2k
= vˇmvˇ′m + λˇ
mλˇ′m +
1
5!
σˇm1...m5 σˇ′m1...m5 +
1
6!
τˇm,m1...m6 τˇ ′m,m1...m6
+
3∑
k=0
1
(2k)!
ωˇm1...m2k ωˇ′m1...m2k , (3.24)
where the indices are lowered/raised using the ordinary metric gmn and its inverse
gmn.
One can also define a generalised frame {EˆA} on E and then construct the inverse
generalised metric as the tensor product of two such frames
G−1 = δABEˆA ⊗ EˆB . (3.25)
We will give below a precise definition of this product. To construct the generalised
frame, we first consider the untwisted generalised tangent bundle Eˇ. Let eˆa, with
a = 1, . . . , 6, be an ordinary frame, namely a basis for the tangent space at a point
of M6, and let e
a be the dual basis for the cotangent space.7 Then we can define a
frame
ˇˆ
EA for the untwisted generalised tangent space as the collection of bases for
the subspaces that compose it
{ ˇˆEA} = {eˆa}∪{ea}∪{ea1...a5}∪{ea,a1...a6}∪{1}∪{ea1a2}∪{ea1...a4}∪{ea1...a6} , (3.26)
where ea1...ap = ea1 ∧ · · · ∧ eap and ea,a1...a6 = ea ⊗ ea1...a6 . A frame for the twisted
generalised tangent space is obtained by twisting (3.26) by the local E7(7) × R+
transformation
EˆA = e
B˜e−BeCe∆eφ · ˇˆEA , (3.27)
where in addition to the twist (3.6) we also include a rescaling by the dilaton φ and
warp factor ∆, acting as specified in (B.26). Because of the rescaling by ∆ the frame
(3.27) was called conformal split frame in [18]. Note that (3.27) is just a particular
choice of frame, not the most general one. Any other frame can be obtained from
(3.27) acting with an E7(7) × R+ transformation.
We denote the components of EˆA carrying different flat indices as
{EˆA} = {Eˆa} ∪ {Ea} ∪ {Ea1...a5} ∪ {Ea,a1...a6} ∪ {E} ∪ {Ea1a2} ∪ {Ea1...a4} ∪ {Ea1...a6} .
(3.28)
Explicit expressions for each of these terms are given in appendix B.3.
7We are using the hat symbol to distinguish frame vectors, eˆa, from co-frame one-forms, e
a.
Similarly, the hat on EˆA indicates that this is a generalised frame vector.
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Once we have the generalised frame, we can derive the expression for the inverse
generalised metric G−1. Expanded in GL(6) components, the product (3.25) becomes
G−1 = δaa
′ Eˆa ⊗ Eˆa′ + δaa′Ea ⊗ Ea′ + E ⊗ E + 12δa1a′1δa2a′2Ea1a2 ⊗ Ea
′
1a
′
2
+ 1
4!
δa1a′1 · · · δa4a′4Ea1...a4 ⊗ Ea
′
1...a
′
4 + 1
5!
δa1a′1 · · · δa5a′5Ea1...a5 ⊗ Ea
′
1...a
′
5
+ 1
6!
δa1a′1 · · · δa6a′6Ea1...a6 ⊗ Ea
′
1...a
′
6 + 1
6!
δaa′δa1a′1 · · · δa6a′6Ea,a1...a6 ⊗ Ea
′,a′1...a
′
6 .
(3.29)
The full expression for G−1 is long and ugly, so we only give the terms that will
be relevant for the next section. Arranging them according to their curved index
structure, we have
(G−1)mn = e2∆gmn ,
(G−1)m = e2∆gmnCn ,
(G−1)mn = −e2∆gmpBpn ,
(G−1)mnp = e
2∆gmq (Cqnp − CqBnp) ,
(G−1)mnpqr = e
2∆gms
(
Csnpqr − Cs[npBqr] + 12CsB[npBqr]
)
,
(G−1) = e2∆
(
e−2φ + gmnCmCn
)
. (3.30)
These terms are sufficient to read off all the supergravity physical fields from the
generalised metric (we are omitting the formula determining B˜m1...m6). Some other
components of G−1 are
(G−1)m = e
2∆gnpCnBpm ,
(G−1)(mn) = e
2∆ (gmn + g
pqBpmBqn) ,
(G−1)[mn] = −e2∆
(
e−2φBmn − gpqCq (Cpmn − CpBmn)
)
,
(G−1)m,np = −e2∆
(
gm[nCp] + g
qrBqm (Crnp − CrBnp)
)
. (3.31)
There is also a density associated to the generalised metric which trivialises the
R
+ factor of the Ed+1(d+1)×R+ structure group. In terms of the field content of type
IIA it is given by
Φ = (detG)−(9−d)/(dimE) = g1/2 e−2φe(8−d)∆ , (3.32)
as can be seen by decomposing the corresponding M-theory density [18]. This equa-
tion provides an easy way to solve relations such as (3.30) explicitly for the super-
gravity fields. For example, to solve the first, second and last of equations in (3.30),
one can begin by setting
(M−1)mn := (G−1)mn = e2∆gmn . (3.33)
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The second of equations (3.30) then becomes
Cm =Mmn(G
−1)n , (3.34)
which can be substituted into the last equation in (3.30) to give
e2∆e−2φ = (G−1)−Mmn(G−1)m(G−1)n := Q . (3.35)
One then easily obtains the expressions for gmn, Cm, e
∆ and e−2φ as
e∆ =
(
Φ
Q
√
detM
)1/6
, e−2φ =
(
Q4
√
detM
Φ
)1/3
,
gmn = Mmn
(
Φ
Q
√
detM
)1/3
, Cm =Mmn(G
−1)n ,
(3.36)
where Mmn, Q and Φ are given in terms of the generalised metric as above. In
particular, we have expressions for e∆ and gmn, so that solving the remaining relations
in (3.30) becomes straightforward.
The above method to compute the warp factor from an arbitrary generalised
metric involves evaluating detG, which is in general a slightly difficult computation.
A simpler way to attain the same result is to evaluate the determinant of a subset of
the components of the generalised metric, denoted H, corresponding to the degrees
of freedom in the coset
H ∈ SO(d, d)× R
+
SO(d)× SO(d) . (3.37)
Explicitly, we construct H−1 in components via
H−1 =
(
(G−1)mn (G−1)mn
(G−1)m
n (G−1)mn
)
= e2∆
(
gmn −(g−1B)mn
(Bg−1)m
n (g −Bg−1B)mn
)
(3.38)
where in the second equality we have used (3.30) and (3.31). We recognise the last
matrix as the components of (the inverse of) the O(d, d) generalised metric of [31],
which has unit determinant. Therefore we can immediately write
e∆ = (detH)−1/4d . (3.39)
We comment on the appearance of the O(d, d) generalised metric in appendix D.
4 The massive generalised Lie derivative
One of the main goals of this paper is to give a generalised geometric description of
massive IIA supergravity and apply it to consistent truncations where the Romans
mass contributes to the gauging of the lower-dimensional theory. The difficulty in
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incorporating the massm in this formalism is that the construction of the generalised
tangent bundle encodes the fluxes as derivatives of the potentials which untwist the
bundle, while the zero-form flux m = F0 is not expressible as the derivative of a
potential. This means that it is not possible to introduce the mass term as an
additional twist of the generalised bundle E.
The key point in solving this problem is to look at the way the gauge trans-
formations of the NSNS and RR potentials are realised in exceptional generalised
geometry. We saw in section 2 how the mass affects the gauge transformations of
type IIA supergravity. Since the gauge transformations of the supergravity potentials
are encoded in the way the twisted generalised vectors patch, the introduction of the
Romans mass requires a modification of the patching conditions (3.8). Following a
similar reasoning as in the massless case, we find that new patching conditions of the
form
V(α) = e
dΛ˜(αβ) edΩ(αβ)+mΩ6(αβ) e−dΛ(αβ)−mΛ(αβ) · V(β) (4.1)
reproduce the massive supergravity gauge transformations on overlapping patches
Uα ∩ Uβ. A first-principles derivation of this is also given in appendix C.
Although the structure of the exact sequences (3.10) is left intact by this defor-
mation, the precise details of the twisting (4.1) do change.8 An important feature of
massive type IIA is that by virtue of the Bianchi identity we have (globally)
H3 =
1
m
dF2 (4.2)
so that for m 6= 0 H3 is trivial in cohomology. The first extension in (3.10) is thus
naturally equivalent to the trivial one.
Also, a pure NSNS gauge transformation no longer acts in the O(d, d) subgroup
of Ed+1(d+1)×R+, simply because it also generates a C1 RR potential. As such, there
is no massive version of Hitchin’s O(d, d) generalised geometry.9
The modification (4.1) of the patching condition also requires a deformation
of the Dorfman derivative. Recall that the latter generates the infinitesimal gauge
transformations, and that these are affected by the Romans mass via the shifts (2.10).
It follows that the massive form of the Dorfman derivative is obtained implementing
8A consequence of this is the following. In massless IIA we can project a generalised vector onto
its vector and zero-form parts v+ω0, giving a well-defined section of a bundle with seven-dimensional
fibre. This is the dimensional reduction of the M-theory tangent bundle TM7. However, with the
massive IIA patching rules (4.1), this projection would no longer give a section of a bundle with
seven-dimensional fibre. Hence, the massive patching rules do not arise from a seven-dimensional
geometry.
9Though see [34] for a double field theory approach to this, where the F0 flux is generated by
introducing a linear dependence on the additional non-geometric coordinates dual to the winding
modes of the string.
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the same shift in the massless expression (3.19):
LV V
′ = Lvv′ + (Lvλ′ − ιv′dλ) + (Lvσ′ − ιv′(dσ +mω6) + [s(ω′) ∧ (dω −mλ)]5)
+ (Lvτ ′ + jσ′ ∧ dλ+ λ′ ⊗ (dσ +mω6) + js(ω′) ∧ (dω −mλ))
+ (Lvω′ + dλ ∧ ω′ − (ιv′ + λ′∧)(dω −mλ)) , (4.3)
which contains the mass as a deformation parameter. More formally, (4.3) is related
to the massless Dorfman derivative (3.15) (here denoted by L(m=0)) as
LV V
′ = L
(m=0)
V V
′ +m(V ) · V ′ , (4.4)
where, given a generalised vector V , we define the map m such that
m(V ) = mλ−mω6 (4.5)
is an object that acts in the adjoint of E7(7) (see (B.26)) as
m(V ) · V ′ = m (−ιv′ω6 − λ ∧ ω′4 + λ′ ⊗ ω6 − λ⊗ ω′6 + ιv′λ+ λ′ ∧ λ) . (4.6)
It is a tedious but straightforward computation to verify that (4.3) satisfies the
Leibniz property (3.18).10
To justify further our definition, we rewrite the massive Dorfman derivative in
the untwisted picture. Using (3.20) we find
LˇVˇ Vˇ
′ = Lvˇvˇ′ + (Lvˇλˇ′ − ιvˇ′dλˇ+ ιvˇ′ιvˇH)
+ Lvˇσˇ′− ιvˇ′dσˇ +
[
ιvˇ′(s(ωˇ) ∧ F ) + s(ωˇ′)∧
(
dωˇ −H ∧ ωˇ − (ιvˇ + λˇ∧)F
)]
5
+ Lvˇτˇ ′ + jσˇ′ ∧ (dλˇ− ιvˇH) + λˇ′ ⊗
(
dσˇ − [s(ωˇ) ∧ F ]6
)
+ js(ωˇ′) ∧ (dωˇ −H ∧ ωˇ − (ιvˇ + λˇ∧)F )
+ Lvˇωˇ′ + (dλˇ− ιvˇH) ∧ ωˇ′ − (ιvˇ′ + λˇ′∧)
(
dωˇ −H ∧ ωˇ − (ιvˇ + λˇ∧)F
)
, (4.7)
where F = F0 + F2 + F4 + F6 is now the complete O(6, 6) spinor with m 6= 0, as in
(2.1). So the twisted version of the massive Dorfman derivative produces precisely
the expected flux terms including the Romans mass. Again, these are given by the
action of (3.22), now with m 6= 0.
Note that of all the flux terms in (4.7), the mass term is the only one which is
diffeomorphism-invariant. It is also the only true deformation of the generalised Lie
derivative, since it cannot be removed by twisting the generalised tangent bundle.
10A very subtle point is that neither of the terms on the RHS of (4.4) transforms correctly as a
generalised vector under (4.1), and as a consequence m(V ) does not transform as a section of the
adjoint bundle. However, overall LV V
′ defines a good section of E.
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5 Generalised parallelisations and consistent reductions
In this section we apply the formalism developed above to dimensional reductions of
type IIA supergravity on spheres and hyperboloids. We build on ideas put forward
in [8], where certain sphere consistent truncations were understood as generalised
Scherk–Schwarz reductions. This gave evidence that generalised geometry sheds light
on the hidden structure of a class of dimensional reductions whose consistency re-
lies on the conspirancy between different terms, which seems “miracolous” from an
ordinary Kaluza–Klein viewpoint.
In addition to the truncation ansatz for the lower-dimensional scalar fields al-
ready given in [8], we provide the complete ansatz for the fields with one or two legs
in the external space-time. We mainly have in mind reductions on six-dimensional
manifolds, however the expressions we obtain also apply to reductions on spaces of
dimension d ≤ 6, after truncating away all forms of degree larger than d. Moreover,
while in this paper we focus on type IIA supergravity, it is straightforward to adapt
the procedure to other higher-dimensional supergravity theories, such as type IIB
and eleven-dimensional supergravity.
5.1 Ordinary Scherk–Schwarz reductions
Before coming to the generalised Scherk–Schwarz reduction, it may be useful to
briefly recall how a conventional Scherk–Schwarz reduction [16] is defined. In this
case, the internal manifold is chosen to be a d-dimensional Lie group, Md = G.
It follows that Md is parallelisable, namely there exists a global frame {eˆa}, a =
1, . . . , d, trivialising the frame bundle and thus the tangent bundle TMd. This frame
is constructed by considering a basis of vectors that are invariant under the (say)
left-action of the group G on itself. Under the Lie derivative, the left-invariant frame
satisfies the algebra
Leˆa eˆb = fabc eˆc , (5.1)
where fab
c are the structure constants of G. These vectors generate the right-
isometries of the bi-invariant metric on the group manifold. A truncation ansatz
for the internal metric is defined by “twisting” the original frame on Md by a GL(d)
matrix Ua
b depending on the external spacetime coordinates xµ,
eˆ′a
m(x, z) = Ua
b(x) eˆb
m(z) , (5.2)
and setting
gmn(x, z) = δab eˆ′a
m(x, z) eˆ′b
n(x, z) = Mab(x) eˆam(z) eˆbn(z) , (5.3)
whereMab = δcdUcaUdb . As we are free to redefine the frame by x-dependent SO(d)
transformations, the Mab matrix parameterises the coset GL(d)/ SO(d); hence it
defines 1
2
d(d+1) scalars on the external spacetime. It follows that gmn =Mabemaenb,
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where Mab is the inverse of Mab, and, as before, the one-forms ea are dual to the
vectors eˆa. The full ten-dimensional metric is given by
dsˆ2 = gµνdx
µdxν +Mab(ea −Aa)(eb −Ab) . (5.4)
The d one-forms Aa = Aµa(x)dxµ gauge the right-isometries on the group manifold,
and are therefore G gauge fields on the external spacetime. For the RR one-form
one takes
Cˆ1(x) = Cµ(x)dx
µ + Ca(x)(e
a −Aa)+
◦
C1 , (5.5)
where
◦
C1 is the potential for a background, left-invariant two-form flux. This gives
an additional one-form and d more scalars. A similar ansatz is taken for the other
form potentials.
The reduction defined in this way is consistent by symmetry reasons: the de-
pendence of the type IIA fields on the internal coordinates is fully encoded in the
left-invariant tensors eˆa and e
a, and there is no way the singlet modes can source
the truncated non-singlet modes in the equations of motion. The gauge group of
the lower-dimensional, truncated theory arises from the interplay between the right-
Killing symmetries generated by the left-invariant vectors eˆa and the gauge transfor-
mations of the form potentials with flux, and corresponds to a semi-direct product
of G with a non-compact factor. The full supersymmetry of the original theory is
preserved in the truncation.
We refer to e.g. [35–39] for a detailed account of conventional Scherk–Schwarz
reductions in a context related to the one of this paper.
5.2 Generalised Scherk–Schwarz reductions
Extensions of conventional Scherk–Schwarz reductions to reformulations (or exten-
sions) of high-dimensional supergravity theories with larger structure groups have
been considered by several authors, see e.g. [4–13]. Here we will follow [8] and define
a generalised Scherk–Schwarz reduction on a d-dimensional manifold Md (not neces-
sarily a Lie group) as the direct analogue of an ordinary Scherk–Schwarz reduction,
with the ordinary frame on the tangent bundle replaced by a frame on the gener-
alised tangent bundle. In particular this will allow us to derive an explicit ansatz
for the fields with one or two external legs for type IIA (in analogy to the excep-
tional field theory expressions for eleven-dimensional and type IIB supergravity given
in [9, 11, 12]).
As in any Kaluza–Klein reduction, we start by decomposing the type IIA fields
according to the SO(1, 9) → SO(1, 9 − d) × SO(d) splitting of the Lorentz group.
We will use coordinates xµ, µ = 0, . . . , 9 − d for the external spacetime and zm,
m = 1, . . . , d for the internal manifold Md, of dimension d ≤ 6. Then the ten-
dimensional metric can be written as
gˆ = e2∆gµνdx
µdxν + gmnDz
mDzn , (5.6)
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where
Dzm = dzm − hµmdxµ , (5.7)
and the scalar ∆ is the warp factor of the external metric gµν . In this section the sym-
bol hat denotes the original ten-dimensional fields. The form fields are decomposed
as
Bˆ = 1
2
Bm1m2Dz
m1m2 +Bµmdx
µ ∧Dzm + 1
2
Bµνdx
µν ,
ˆ˜B = 1
6!
B˜m1...m6Dz
m1...m6 + 1
5!
B˜µm1...m5dx
µ∧Dzm1...m5 + 1
2·4!
B˜µνm1...m4dx
µν∧Dzm1...m4 + . . . ,
Cˆ1 = CmDz
m + Cµ,0 dx
µ ,
Cˆ3 =
1
3!
Cm1m2m3Dz
m1m2m3 + 1
2
Cµm1m2dx
µ ∧Dzm1m2 + 1
2
Cµνmdx
µν ∧Dzm + . . . ,
Cˆ5 =
1
5!
Cm1...m5Dz
m1...m5 + 1
4!
Cµm1...m4dx
µ∧Dzm1...m4 + 1
2·3!
Cµνm1m2m3dx
µν∧Dzm1m2m3 + . . . ,
Cˆ7 =
1
6!
Cµm1...m6dx
µ ∧Dzm1...m6 + 1
2·5!
Cµνm1...m5dx
µν ∧Dzm1...m5 + . . . , (5.8)
where dxµν = dxµ ∧ dxν and Dzm1...mp = Dzm1 ∧ · · · ∧ Dzmp . The ellipsis denote
forms with more than two external indices, that we will not need. The expansion
in Dz instead of dz is standard in Kaluza–Klein reductions, and ensures that the
components transform covariantly under internal diffeomorphisms. We stress that at
this stage the field components still depend on all the coordinates {xµ, zm}: we are
decomposing the various tensors according to their external or internal legs but we
have not specified their dependence on the internal space yet. The only exception
is the external metric, which is assumed to depend just on the external coordinates:
gµν = gµν(x).
The barred fields appearing in (5.8) can also be identified by introducing the
vector
∂µ + hµ =
∂
∂xµ
+ hµ
m ∂
∂zm
, (5.9)
which satisfies ι(∂µ+hµ)Dz
m = 0. For the the fields with one external leg we have
Bµ = ι(∂µ+hµ)Bˆ
∣∣ ,
B˜µ = ι(∂µ+hµ)
ˆ˜B
∣∣ ,
Cµ = ι(∂µ+hµ)Cˆ
∣∣ , (5.10)
where by the symbol “|” we mean that after having taken the contraction ι(∂µ+hµ),
the forms on the right hand side are restricted to have just internal legs. In other
words, we set dx ≡ 0. Similarly, for the fields with two external legs we find
Bµν = ι(∂ν+hν)ι(∂µ+hµ)Bˆ ,
B˜µν = ι(∂ν+hν)ι(∂µ+hµ)
ˆ˜B
∣∣ ,
Cµν = ι(∂ν+hν)ι(∂µ+hµ)Cˆ
∣∣ . (5.11)
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Moreover, we are arranging the RR potentials in the poly-forms
Cµ = Cµ,0 + Cµ,2 + Cµ,4 + Cµ,6 ,
Cµν = Cµν,1 + Cµν,3 + Cµν,5 . (5.12)
These barred fields need a field redefinition. This can be seen by decomposing the
gauge transformations of the ten-dimensional fields and imposing that they are co-
variant under the generalised diffeomorphisms so that they will eventually reproduce
the gauge transformation of the lower-dimensional supergravity theory after the trun-
cation is done. Here we just provide the correct redefinitions, postponing their full
justification to the next section. We introduce the new fields
Bµ = Bµ ,
Cµ = e
−B ∧ Cµ ,
B˜µ = B˜µ − 12 [Cµ ∧ s(C) ]5 , (5.13)
where B, C are just internal, and
Bµν = Bµν + ιh[µBν] ,
B˜µν = B˜µν − 12
[
Cµν ∧ s(C)
]
4
+ ιh[µB˜ν] ,
Cµν = e
−B ∧ Cµν + ιh[µCν] +B[µ ∧ Cν] . (5.14)
Note that we are using a notation where the various tensors are treated as differential
forms on the internal manifold, while we explicitly display their external indices.
Having decomposed the higher-dimensional fields in a suitable way, we are now
ready to construct our truncation ansatz. As a first thing we rearrange the type IIA
fields with zero, one or two external indices in terms of generalised geometry objects.
The fields with purely internal legs, i.e.
{gmn, Bm1m2 , B˜m1...m6 , Cm, Cm1m2m3 , Cm1...m5} , (5.15)
together with the warp factor ∆ and the dilaton φ, parameterise a generalised metric
GMN . The (redefined) fields with one external index are collected in the generalised
vector
AµM = {hµm, Bµm, B˜µm1...m5 , g˜µm1...,m6,m, Cµ,0, Cµm1m2 , Cµm1...m4 , Cµm1...m6} .
(5.16)
Here, g˜ is a tensor belonging to Λ7T ∗M10⊗T ∗M10, related to the dual graviton. This
is not part of type IIA supergravity in its standard form and we will thus ignore it
by projecting Aµ on the E ′′′ bundle introduced in (3.10),
AµM ∗= {hµm, Bµm, B˜µm1...m5 , Cµ,0, Cµm1m2 , Cµm1...m4 , Cµm1...m6} . (5.17)
– 21 –
Here and below, the
∗
= symbol in an equation involving generalised vectors means
that the equality holds after projecting on the bundle E ′′′ using the natural map-
pings (3.10), namely after dropping the T ∗ ⊗ Λ6T ∗ component.
The fields with µν indices defined in (5.14) are components of a generalised
tensor BµνMN , which is a two-form in the external spacetime and a section of the
bundle N on M6 defined in (3.5). They actually correspond to the components of
this object living on the bundle N ′ given in (3.11), that is
BµνMN ∗= {Bµν , B˜µνm1...m4 , Cµνm, Cµνm1m2m3 , Cµνm1...m5} . (5.18)
For the equations involving sections of the bundle N , by the
∗
= symbol we mean that
the equality holds after having projected on the bundle N ′.
Suppressing the internal indices, the objects introduced above read
Aµ ∗= hµ +Bµ + B˜µ + Cµ,0 + Cµ,2 + Cµ,4 + Cµ,6 ,
Bµν ∗= Bµν + B˜µν + Cµν,1 + Cµν,3 + Cµν,5 . (5.19)
The construction of a (bosonic) truncation ansatz leading to a (10−d)-dimensional
theory preserving maximal supersymmetry is then specified by the following steps:
Step 1. One should find a generalised parallelisation {EˆA}, namely a globally-
defined frame for the Ed+1(d+1) ×R+ generalised tangent bundle on Md. This means
that the frame {EˆA} must be an Ed+1(d+1) frame, namely that it is given by an
Ed+1(d+1) transformation of the coordinate frame.
11 We will see how this condition
applies in the examples below. In addition, the frame must satisfy the algebra
LEˆAEˆB = XAB
CEˆC , (5.20)
with constant coefficients XAB
C . Following [8], we call this a generalised Leibniz
parallelisation; the name is due to the fact that since the generalised Lie derivative
L is not antisymmetric, the frame algebra defined by (5.20) is a Leibniz algebra and
not necessarily a Lie algebra. The constants XAB
C correspond to the generators
of the gauge group: in gauged supergravity they are defined by contracting the
embedding tensor ΘA
α encoding the gauging of the theory with the generators (tα)B
C
of the U-duality group, XAB
C = ΘA
α(tα)B
C (we refer to e.g. [40] for a review of the
embedding tensor formalism). Using the Leibniz property (3.18) of the Dorfman
derivative together with (5.20), we see that indeed the constants XAB
C realise the
gauge algebra
[XA, XB] = −XABCXC . (5.21)
11By coordinate frame we mean
{ ˇˆEA} = {∂m}∪ {dxm}∪ {dxm1...m5}∪ {dxm,m1...m6}∪ {1}∪ {dxm1m2}∪ {dxm1...m4}∪ {dxm1...,6} .
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We emphasise that, provided the dimensional reduction goes through consistently,
the knowledge of XAB
C alone is sufficient to completely determine the resulting
gauged maximal supergravity.
Step 2. One twists the parallelising frame by an Ed+1(d+1) matrix UA
B depending
on the external spacetime coordinates xµ:
Eˆ ′A
M(x, z) = UA
B(x)EˆB
M(z) , (5.22)
and use this to construct a generalised inverse metric:
GMN(x, z) = δABEˆ ′A
M(x, z)Eˆ ′B
N(x, z) = MAB(x)EˆAM(z)EˆBN (z) . (5.23)
The matrix
MAB = δCDUCAUDB (5.24)
parameterises the coset Ed+1(d+1)/K, where K is the maximal compact subgroup of
Ed+1(d+1) (indeed, we are free to redefine the generalised frame by x-dependent K
transformations). Hence it accommodates all the scalars of the lower-dimensional
theory.
Now one equates (5.23) to the generic form of the generalised inverse metric G−1
introduced in section 3.3, whose relevant components are given in (3.30) and (3.31).
In this way we obtain the truncation ansatz for the full set of higher-dimensional
degrees of freedom with purely internal components, which gives the scalar fields in
the lower-dimensional theory. This also provides the expression for the warp factor
∆. Concretely, these can be extracted following eqs. (3.33)–(3.36). Note that, since
the generalised density Φ appearing in (3.36) is independent of the twist matrix
UA
B, it can be advantageously computed at the origin of the scalar manifold, where
MAB = δAB. So at any point on the scalar manifold the density is given by
Φ =
◦
g 1/2 e−2
◦
φ e(8−d)
◦
∆ , (5.25)
where the ◦ symbol denotes the “reference” values of the corresponding fields, namely
the values for trivial twist matrix.
Step 3. The full set of vector fields in the lower-dimensional theory is specified
by taking the following ansatz for the generalised vector AµM introduced in (5.16)
AµM(x, z) = AµA(x)EˆAM(z) . (5.26)
The ansatz for the two-forms is
BµνMN(x, z) ∗= 12 BµνAB(x)(EˆA ⊗N ′ EˆB)MN(z) , (5.27)
where BµνAB = Bµν (AB), and the product ⊗N ′ is defined in (3.12).
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A few comments are in order. Although the conditions in Step 1 above are
definitely non-trivial to satisfy, they are not as constraining as requiring thatMd is a
Lie group as needed in ordinary Scherk–Schwarz reductions. In fact, one can see that
a necessary condition for the existence of a generalised parallelisation satisfying (5.20)
is that Md is a coset manifold, Md = G/H for some G and H ⊂ G [8].
In the particular case that Md is a Lie group, a generalised Scherk–Schwarz
reduction coincides with an ordinary Scherk–Schwarz reduction if the chosen gener-
alised parallelisation uses just left-invariant tensors.12 However, when reducing the
NSNS sector, it is possible to obtain a generalised parallelisation which realises a
G × G gauge group rather than just G [41]. In the next section we will provide a
frame for the full type IIA exceptional generalised geometry on S3 which gives rise
to an SU (2)× SU (2) gauging (this has also appeared in [13]).
The spheres Sd = SO(d + 1)/SO(d) provide examples of generalised paralleli-
sations that are not based on Lie groups. In [8], the ideas above were applied to
give evidence that the sphere consistent truncations based on eleven-dimensional
supergravity on S7 [1], eleven-dimensional supergravity on S4 [2], type IIB super-
gravity on S5 and the NSNS sector of type II supergravity on S3, can be interpreted
as generalised Scherk–Schwarz reductions. In section 6 we will provide additional
examples.
5.3 Consistent reduction of gauge transformations
We now provide a partial proof of the consistency of our generalised Scherk–Schwarz
truncation ansatz by showing that the internal diffeomorphisms together with the
NSNS and RR gauge transformations consistently reduce to the appropriate gauge
variations in lower-dimensional maximal supergravity.13 This will also justify the
field redefinitions performed in (5.13) and (5.14). The reader not interested in the
details of this computation, which is rather technical, can safely skip to the next
section.
The gauge transformations of the ten-dimensional fields were given in section 2.
Including also the diffeomorphisms, they read
δgˆ = Lvˆgˆ ,
δBˆ = LvˆBˆ − dλˆ ,
δCˆ = LvˆCˆ − eBˆ ∧ (dωˆ −mλˆ) ,
δ ˆ˜B = Lvˆ ˆ˜B − (dσˆ +mωˆ6)− 12 [eBˆ ∧ (dωˆ −mλˆ) ∧ s(Cˆ)]6 . (5.28)
12See [8, app.C] for a discussion. In this case, adopting a generalised geometry approach still has
some advantage in that (5.20) directly provides the full embedding tensor.
13A more thorough proof would require studying the reduction of the supersymmetry variations
or the equations of motion.
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We can immediately see why the redefinition of the RR potentials in (5.13) is
needed: for the gauge transformation of Cµ to start with ∂µω (as required for a gauge
field in supergravity), we need to remove the B-terms with internal legs appearing
in front of dω. The same argument determines the redefinition of the six-form NSNS
potential in (5.13).
In order to decompose the gauge transformations, we express the gauge param-
eters as
vˆ = v = vm
∂
∂zm
,
λˆ = λ+ λµ = λmdz
m + λµdx
µ ,
σˆ = σ + σµ + σµν =
1
5!
σm1...m5dz
m1...m5 + 1
4!
σµm1...m4dx
µ ∧ dzm1...m4
+ 1
2·3!
σµνm1...m3dx
µν ∧ dzm1...m3 + . . . , (5.29)
where the ellipsis denote terms with more than two external indices, that we will
ignore. Note that the vector vˆ is purely internal, that is the diffeomorphisms we
consider are just the internal ones. Similarly for the RR poly-form gauge parameter
we find
ωˆ = ω + ωµ + ωµν = (ω0 + ω2 + ω4 + ω6) + (ωµ,1 + ωµ,3 + ωµ,5)
+ (ωµν,0 + ωµν,2 + ωµν,4 + ωµν,6) + . . . . (5.30)
As in (5.8), initially we impose no restriction on the dependence of the components
of the gauge parameters on the coordinates {xµ, zm}. However, differently from
(5.8), note that the expansion of the gauge parameters is made in dzm and not in
Dzm = dzm − hµmdxµ. The fields marked with a bar require a redefinition, which
will be introduced below.
The gauge transformations of the fields with purely internal legs maintain pre-
cisely the same form as in (5.28). As for the fields with one external leg, redefined
as in (5.13), after some computation we find that their variations are
δhµ = −∂µv + Lvhµ ,
δBµ = −∂µλ+ dinλµ + LvBµ − ιhµdinλ ,
δB˜µ = −∂µσ + dinσµ −mωµ,5 + LvB˜µ − ιhµ(dinσ +mω6) +
[
Cµ ∧ s(dinω −mλ)
]
5
,
δCµ = −∂µω + dinωµ +mλµ + LvCµ + Cµ ∧ dinλ− (ιhµ +Bµ∧)(dinω −mλ) ,
(5.31)
where the exterior derivative din := dzm∂m and L act on the internal coordinates
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only. The fields with two external legs have the following gauge variations
δBµν = −2∂[µλν] + ιh[µ∂ν]λ− ιh[µdinλν] + LvBµν − ι∂[µvBν] ,
δB˜µν = −2∂[µσν] − dinσµν −mωµν,4 + ιh[µ
(
∂ν]σ − dinσν] +mων],5
)
+ LvB˜µν − ι∂[µvB˜ν]
+
[
Cµν ∧ s(dinω −mλ) + (−∂[µω + dinω[µ +mλ[µ) ∧ s(Cν])
]
4
(5.32)
and (we give the transformations for the barred fields, as those of the unbarred field
Cµν are more cumbersome)
δ(e−B ∧ Cµν) = − 2∂[µων] − 2ιh[µdinων] + 2ιh[µ∂ν]ω − ιhν ιhµdinω − dinωµν
+ Lv(e−B ∧ Cµν) + dinλ ∧ (e−B ∧ Cµν)−Bµν(dinω −mλ)
+ 2B[µ ∧ ιhν](dinω −mλ) + 2B[µ ∧ (∂ν]ω − dinων] −mλν])
+Bµ ∧Bν ∧
(
dinω −mλ) . (5.33)
The gauge parameters with purely internal indices can be arranged into a gen-
eralised vector with the T ∗ ⊗ Λ6T ∗ component projected out,
ΛM
∗
= {vm, λm, σm1...m5 , ω0, ωm1m2 , ωm1...m4 , ωm1...m6} , (5.34)
while the gauge parameters with one external leg form a section of the bundle N ′,
Ξ
(MN)
µ
∗
= {λµ, σµn1...n4 , ωµn, ωµn1n2n3, ωµn1...n5} . (5.35)
The transformations for the fields with two external legs will be discussed below.
The gauge transformation of the fields with purely internal indices is given by
the compact expression
δΛG
−1 = LΛG
−1 , (5.36)
where LΛ is the massive Dorfman derivative (4.3). The gauge variation (5.31) of
fields with one external leg can be repackaged into
δAµ ∗= −∂µΛ + LΛAµ + dmΞµ , (5.37)
where it is understood that the differentials in the generalised Lie derivative act
on the internal coordinates only. The operator dm is defined on any element W =
W0 +W4 +Wodd of the bundle N
′ as
dmW = dW +m(W0 −W5) , (5.38)
and can be seen as an exterior derivative twisted by the Romans mass. Then in the
present case we have
dmΞµ = d
inΞµ +m(λµ − ωµ,5) . (5.39)
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It is easy to verify that for W = V ⊗N ′ V ′,
dmW
∗
= LV V
′ + LV ′V . (5.40)
If we now redefine the gauge parameter with one external leg as
Ξµ = Ξµ −Aµ ⊗N ′Λ , (5.41)
and use the property (5.40), we obtain
dmΞµ
∗
= dmΞµ − LAµΛ− LΛAµ . (5.42)
This redefinition allows to cast (5.37) in the form
δAµ ∗= −∂µΛ− LAµΛ + dmΞµ , (5.43)
where one recognise the derivative (∂µ + LAµ)Λ, covariant under generalised dif-
feomorphisms. This is the appropriate form for matching the gauged supergravity
covariant derivative after Scherk–Schwarz reduction.
We need to express the gauge transformations (5.32) and (5.33) of the external
two-form fields in generalised geometry terms. This requires a rather complicated
redefinition of the gauge parameters ωµν = ωµν,0 + ωµν,2 + ωµν,4 and σµν :
ωµν = ωµν + (ιv + λ∧)Cµν − ω Bµν + (2λ[µ + ιh[µλ+ ιvB[µ)Cν]
+ (ιh[µ +B[µ∧ )(2ων] + ιvCν] + λ ∧ Cν] + ιhν]ω +Bν] ∧ ω)
σµν = σµν + 2ιh[µσν] + ιhµιhνσ + ιv(B˜µν − ιh[µB˜ν]) + ιvC[µ,4Cν],0
− ιvC[µ,2 ∧ Cν],2 + 2λ ∧ (C[µ,2Cν],0)
− [(Cµν − ιh[µCν] +B[µ ∧ Cν]) ∧ s(ω)− 2C[µ ∧ s(ων])]3 . (5.44)
We repackage the new parameters σµν and ωµν = ωµν,0 + ωµν,2 + ωµν,4 into
Φµν = σµν + ωµν . (5.45)
This object lives in a sub-bundle of a bundle transforming in the 912 representation
of E7(7), and collects the gauge parameters of the potentials that are three-forms in
the external spacetime. One can then show that, with the identifications (5.44), the
gauge transformations for Bµ,ν , B˜µν , (5.32), and Cµν (these follow from (5.33) and
the last in (5.14)) can be expressed as
δBµν = −2∂[µΞν] − 2LA[µΞν] − dmΞ[µ ⊗N ′Aν] − ∂[µΛ⊗N ′Aν] + dmBµν ⊗N ′Λ
− Yµν − dmΦµν , (5.46)
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where the action of dm on an element of N
′ is given in (5.38), and we define
dmΦµν = d
in(σµν + ωµν) +mωµν,4 . (5.47)
The tensor Yµν is given in terms of Wν ≡ Aν ⊗N ′Λ by
Yµν = d
(
ιh[µWν] +B[µ ∧Wν],odd − C[µWν],0 − C[µ,0Wν],3 + C[µ,2Wν],1
)
+m
(
ιh[µWν],5 +B[µ ∧Wν],3 − Cµ,4Wν,0
)
. (5.48)
After some manipulations, this can be re-expressed as
Yµν = LA[µAν] ⊗N ′Λ + 2LA[µΛ⊗N ′Aν] + LΛA[µ ⊗N ′Aν] , (5.49)
which in turn allows to rewrite (5.46) as
δBµν = −2∂[µΞν] − 2LA[µΞν] − dmΞ[µ ⊗N ′Aν] − ∂[µΛ⊗N ′Aν] + dmBµν ⊗N ′Λ
− LA[µAν] ⊗N ′Λ− 2LA[µΛ⊗N ′Aν] − LΛA[µ ⊗N ′Aν] − dmΦµν . (5.50)
Introducing the gauge field strength
Hµν = 2∂[µAν] + LA[µAν] + dmBµν , (5.51)
and recalling the expression for δAµ given in (5.43) and the redefinition of the gauge
parameter Ξµ in (5.41), the variation of Bµν eventually takes the compact form
δBµν = −2∂[µΞν] − 2LA[µΞν] + Λ⊗N ′Hµν +A[µ ⊗N ′ δAν] − dmΦµν . (5.52)
We can now plug in our truncation ansatz and show that it reproduces the
correct lower-dimensional gauge-transformations. For the gauge parameters we take
an ansatz similar to the one for the physical fields, that is
ΛM(x, z) = −ΛA(x)EˆAM(z) ,
Ξ˜µ
MN (x, z) = −1
2
Ξ˜µ
AB(x) (EˆA ⊗N EˆB)MN (z) . (5.53)
Plugging the ansatz into the variation (5.36) of the generalised metric, and using
the action (5.20) of the generalised Lie derivative on the parallelisation, we obtain
δΛMAB = −ΛC(XCDAMDB +XCDBMAD) , (5.54)
which is the correct variation of the scalar fields in gauged maximal supergravity, see
e.g. [40].
In order to write the variation of Aµ, let us first observe that the ansatz together
with the property (5.40) implies
dmΞµ
∗
= −1
2
(LEˆB EˆC + LEˆC EˆB) Ξµ
BC = −ZABC ΞµBCEˆA , (5.55)
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where we introduced the symmetrised structure constants ZABC = X(BC)
A. Then,
interpreting the variation of Aµ in eq. (5.43) as (δAµA)EˆA and plugging the ansatz
in, we obtain
δAµA = ∂µΛA +ABµXBCAΛC − ZABC ΞµBC . (5.56)
This is the correct gauge variation of the gauge fields in maximal supergravity (see
again [40]).
Finally, we need to consider the transformation of Bµν . Eq. (5.51) yields
Hµν = HAµνEˆA , (5.57)
with
HAµν = 2∂[µAν]A +XBCAA[µBAν]C + ZABC BµνBC . (5.58)
This is the expression for the covariant field strengths used in gauged supergravity.
We also obtain
LAµΞν = −12AµC ΞνABLEˆC (EˆA ⊗N ′ EˆB)
= −AµC Ξν (DA)XCDBEˆA ⊗N ′ EˆB , (5.59)
where to pass from the first to the second line we distributed the Lie derivative on the
factors of the ⊗N ′ product and used the Leibniz property of the generalised frame.
Therefore:
− 2∂[µΞν] − 2LA[µΞν] = D[µΞν]ABEˆA ⊗N ′ EˆB , (5.60)
where
D[µΞν]
AB = ∂[µΞν]
AB + 2A[µC Ξν](DA)XCDB . (5.61)
Putting everything together, (5.52) eventually takes the appropriate form to
describe the two-form gauge transformations in gauged supergravity:
δBµνAB = 2D[µΞν]AB − 2Λ(AHµνB) + 2A[µ(AδAν]B) + . . . , (5.62)
where HAµν was given in (5.58). The ellipsis denote a term coming from expressing
dmΦµν in (5.52) by means of the parallelisation that we will not discuss in detail.
This eventually gives the two-form gauge parameters in the lower-dimensional super-
gravity theory, contracted with the gauge group generators X . In four-dimensional
supergravity, this term drops from all relevant equations, because the two-forms
BµνAB always appear contracted with the embedding tensor, namely as ZABCBµνBC
[42], which implies that the term in the ellipsis is projected out due to the quadratic
constraint. From a generalised geometry perspective, the corresponding statement is
that in a reduction to four dimensions (5.52) always appears under the action of the
exterior derivative twisted by the Romans mass, dm; given the definitions (5.47) and
(5.38), it is immediate to check that dm(dmΦµν) = 0, hence the gauge parameters
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with two external indices drop from all relevant equations. This is no longer the case
in reductions to supergravities in dimension six or higher, where the tensor hierarchy
stops at one form degree higher, so that the three-form gauge potentials, as well as
their two-form gauge parameters, also play a role.
In conclusion, we have shown that under the generalised Scherk–Schwarz ansatz,
the (massive) type IIA gauge transformations consistently reduce to the correct gauge
transformation in lower-dimensional supergravity.
6 Examples
In this section, we apply the generalised Scherk–Schwarz procedure to study consis-
tent reductions of massless and massive type IIA supergravity on the spheres S6, S4,
S3 and S2, as well as on six-dimensional hyperboloids. While for the massless case it
is always possible to find generalised parallelisations that reproduce the known reduc-
tions to maximal gauged supergravities in lower-dimensions, for the massive theory
we could only find a suitable generalised parallelisation on S6 and the six-dimensional
hyperboloids. We propose a general argument of why this is the case.
6.1 S6 parallelisation and D = 4, ISO(7)m supergravity
We start our series of examples by revisiting the consistent reduction of type IIA
supergravity on the six-sphere S6 down to D = 4 maximal supergravity with ISO(7)
gauge group that was recently studied in detail in [21–23]. For vanishing Romans
mass, this reduction can be understood as a limit of the consistent truncation
of eleven-dimensional supergravity on S7 (or on a seven-dimensional hyperboloid),
where the seven-dimensional manifold degenerates into the cylinder S6 ×R [24, 43].
In that case the group ISO(7) is gauged purely electrically [44]. This means that only
the 28 electric vector fields participate in the gauging, while the 28 magnetic duals
do not appear in the Lagrangian. When the Romans mass m is switched on, the
truncation ansatz remains consistent with no modifications required. However one
finds that the magnetic vectors now also enter in the gauge covariant derivatives [23],
thus providing a dyonic gauging. The resulting four-dimensional supergravity is not
equivalent to the theory with purely electric ISO(7) gauging [20]; for this reason, we
will denote it as the ISO(7)m theory. This is an example of symplectic deformation of
maximal supergravity of the type first discovered for the D = 4, SO(8) theory in [19].
The ISO(7)m theory admits several supersymmetric and non-supersymmetric AdS4
solutions [22, 45, 46], which all disappear when the parameter m is sent to zero.14
The structure of the ISO(7)m theory was analysed in detail in [22].
14Specific formulae uplifting these AdS4 vacua to massive type IIA supergravity were given
in [21, 23, 47]. Three of them are G2-invariant and also included in the truncation of massive
IIA supergravity on S6 ≃ G2/ SU (3) of [48].
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In the following, we introduce a parallelisation of the E7(7) ×R+ tangent bundle
on S6. Then, evaluating our massive generalised Lie derivative on the frame we
obtain precisely the embedding tensor characterising the dyonic ISO(7)m gauging.
We also re-derive the truncation ansatz for the four-dimensional bosonic fields from
generalised geometry.
A generalised parallelisation on S6 is defined as follows. Let yi, i = 1, . . . , 7, with
δijy
iyj = 1, be the constrained coordinates on S6, describing its embedding in R7
(see appendix E for some useful details about spheres in constrained coordinates).
Let vij be the SO(7) Killing vectors and define the following forms
ωij = R2 dyi ∧ dyj ∈ Λ2T ∗ ,
ρij =
◦∗ (R2 dyi ∧ dyj) ∈ Λ4T ∗ ,
κi = − ◦∗ (R dyi) ∈ Λ5T ∗ ,
τ ij = R (yidyj − yjdyi)⊗
◦
vol6 ∈ T ∗ ⊗ Λ6T ∗ . (6.1)
Here and in the rest of this section, the symbol ◦ means that the corresponding
quantity is computed using the reference round metric of radius R. The index on
the coordinates yi is lowered with the R7 metric δij. We also twist the generalised
tangent bundle with a five-form RR potential
◦
C5 such that
◦
F6 = d
◦
C5 =
5
R
◦
vol6 , (6.2)
with all other p-form potentials vanishing; the reason for this choice will become
clear soon.
The generalised frame can be split according to the decomposition
E7(7) ⊃ SL(8,R) ⊃ SL(7,R)
56 → 28+ 28′ → 21+ 7+ 21′ + 7′ (6.3)
as
{EˆA} = {EˆIJ , EˆIJ} = {Eˆij , Eˆi8, Eˆij, Eˆi8} . (6.4)
We will call “electric” the EˆIJ frame elements, transforming in the 28 of SL(8), and
“magnetic” the EˆIJ , transforming in the 28′.
A generalised parallelisation is given by
EˆA =

Eˆij = vij + ρij + ιvij
◦
C5 ,
Eˆi8 = yi + κi − yi
◦
C5 ,
Eˆij = −ωij − τ ij + j
◦
C5 ∧ωij ,
Eˆi8 = R dyi − yi
◦
vol6 +R dy
i∧
◦
C5 .
(6.5)
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It is not hard to see that this is globally defined. For instance, Eˆij is nowhere
vanishing as the Killing vectors vij vanish at yi = yj = 0, while the four-forms ρij
vanish at y2i + y
2
j = 1. Moreover, Eˆi8 never vanishes as the locus κi = 0 does not
overlap with yi = 0; similar considerations hold for the magnetic part of the frame.
The frame is also orthonormal with respect to the generalised metric (3.24). Indeed,
invoking the contraction formulae in (E.16), we have
G(Eˆij , Eˆkl) = vij y vkl + ρij y ρkl = δikδjl − δilδjk ,
G(Eˆi8, Eˆk8) = yi yk + κi y κk = δik ,
G(Eˆij, Eˆkl) = ωij yωkl + τ ij y τkl = δikδjl − δilδjk ,
G(Eˆi8, Eˆk8) = R2dyi y dyk + yiyk
◦
vol6 y
◦
vol6= δ
ik , (6.6)
with all other pairings vanishing.
We now evaluate the massive Dorfman derivative (4.3) between two arbitrary
frame elements, making use of various properties of the round spheres given in ap-
pendix E. In particular, we need identity (E.13), which together with our choice (6.2)
for
◦
C5 implies
ιvij
◦
F6 = dρij . (6.7)
We find that the electric-electric pairings give
LEˆij Eˆkl =
2
R
(
δi[kEˆl]j − δj[kEˆl]i
)
,
LEˆij Eˆk8 = − 2Rδk[iEˆj]8 ,
LEˆi8Eˆkl =
2
R
δi[kEˆl]8 ,
LEˆi8Eˆk8 = 0 , (6.8)
while for the electric-magnetic ones we have
LEˆij Eˆ
kl = 4
R
δ
[k
[i δj]j′Eˆ
l]j′ ,
LEˆij Eˆ
k8 = − 2
R
δk[iδj]j′Eˆ
j′8 ,
LEˆi8Eˆ
kl = 0 ,
LEˆi8Eˆ
k8 = − 1
R
δijEˆ
jk , (6.9)
for the magnetic-electric
LEˆij Eˆkl = LEˆijEˆk8 = LEˆi8Eˆk8 = 0 ,
LEˆi8Eˆkl = −2mδi[kEˆl]8 , (6.10)
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and for the magnetic-magnetic
LEˆijEˆ
kl = LEˆij Eˆ
k8 = LEˆi8Eˆ
kl = 0 ,
LEˆi8Eˆ
k8 = mEˆik . (6.11)
We thus obtain that condition (5.20) is satisfied, namely the frame defines a Leibniz
algebra under the massive Dorfman derivative. The non-vanishing constants XAB
C
read in SL(8) indices
X[II′][JJ ′]
[KK ′] = −X[II′][KK ′][JJ ′] = 8 δ[K[I θI′][J δK
′]
J ′] ,
X [II
′]
[JJ ′]
[KK ′] = −X [II′][KK ′][JJ ′] = 8 δ[I[J ξI
′][K δ
K ′]
J ′] , (6.12)
with
θIJ =
1
2R
diag
(
1, . . . , 1︸ ︷︷ ︸
7
, 0
)
, ξIJ =
m
2
diag
(
0, . . . , 0︸ ︷︷ ︸
7
, 1
)
. (6.13)
These match precisely the embedding tensor given in [22] (modulo renormalising
the generators by a −1/2 factor, see appendix C therein). The latter determines a
dyonic ISO(7)m gauging of maximal D = 4 supergravity, where the SO(7) rotations
are gauged electrically while the seven translations are gauged dyonically. When
m = 0, we have ξIJ = 0 and the ISO(7) gauging becomes purely electric.
Following the procedure for a generalised Scherk–Schwarz reduction described
in the previous section, we can use our generalised parallelisation to deduce the
truncation ansatz for the bosonic supergravity fields. We start from the scalar ansatz.
In four-dimensional maximal supergravity, the scalar matrixMAB parameterises the
coset E7(7)/ SU (8). Under the decomposition (6.3), this splits as
MAB = {MII′,JJ ′, MII′JJ ′, MII′JJ ′, MII′,JJ ′}
= {Mii′,jj′, Mii′,j8, . . . , Mi8,j8} . (6.14)
Equating the components (3.30) of the inverse generalised metric to those constructed
from the parallelisation as in (5.23), we obtain
e2∆gmn = 1
4
Mii′,jj′vmii′ vnjj′ ,
e2∆gmnCn =
1
2
Mii′,j8 vmii′ yj ,
−e2∆gmpBpn = 12Mii
′
j8 v
m
ii′ R∂ny
j ,
e2∆gmq (Cqnp − CqBnp) = −14Mii
′
jj′ v
m
ii′ ω
jj′
np ,
e2∆
(
e−2φ + gmnCmCn
)
= Mi8,j8 yi yj ,
e2∆gms
(
Csnpqr−
◦
Csnpqr −Cs[npBqr] + 12CsB[npBqr]
)
= 1
4
Mii′,jj′vmii′ (ρjj′)npqr , (6.15)
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where we recall that the indices i, i′, j, j′ = 1 . . . , 7 label the constrained coordinates
while m,n, . . . = 1, . . . , 6 are curved indices on S6. The scalar ansatz obtained in
this way agrees with the formulae given in [23] (cf. eqs. (3.14)–(3.18) therein). The
additional relations appearing in eqs. (3.19)–(3.22) of [23] can also be retrieved in the
same way. The last equation in (6.15) does not appear in [23], and determines how
the four-dimensional scalars enter in Cm1...m5 . Dualising its field strength Fm1...m6 it
should be possible to derive the expression of the Freund–Rubin term.
One can disentangle the different supergravity fields in (6.15) by following the
procedure in eqs. (3.33)–(3.36). We recall that the generalised density Φ appearing
in (3.36) can be computed at the origin of the scalar manifold, where MAB = δAB,
and is given by eq. (5.25). Evaluating the first, second and second-last line of (6.15)
with Mii′,jj′ = δi[jδj′]i′, Mii′,j8 = 0, Mi8,j8 = δij, we find that ◦∆=
◦
φ= 0. Hence for
the present truncation the generalised density is simply Φ =
◦
g 1/2 .
We can also provide the ansatz for the vector fields as explained in section 5.2.
Separating the components of eq. (5.26), we obtain
hµ =
1
2
Aµii′vii′ ,
Bµ = Aµ i8R dyi ,
Cµ,0 = Aµi8 yi ,
Cµ,2 = −12Aµ ii′ R2dyi ∧ dyi
′
, (6.16)
which again agrees with [23]. Here, AIJ = {Aij,Ai8} are the electric one-form fields
in the four-dimensional theory while AIJ = {Aij,Ai8} are their magnetic duals. We
can also provide an ansatz for the type IIA dual fields with one external leg
Cµ,4 =
1
2
Aµii′
(
ρii′ + ιvii′
◦
C5
)
,
Cµ,6 = Aµ i8
(− yi ◦vol6 +R dyi∧ ◦C5 ) ,
B˜µ = Aµi8
(
κi − yi
◦
C5
)
. (6.17)
Finally, the ansatz for the fields with two external legs follows from the general
formula (5.27)
Bµν = Bµνijj8 yi ,
B˜µν =
1
8
(
1
2
Bµν i1i2,i38yjy[i1ǫi2i3]jk1...k4 − Bµν k1k2,k3k4
)
R4dyk1 ∧ dyk2 ∧ dyk3 ∧ dyk4 ,
Cµν,1 =
(Bµν ijkj + Bµν i8k8)ykR dyi ,
Cµν,3 =
(
1
12
Bµνii′,jj′y[iǫi′]jj′k1...k4yk4 − 12Bµν k1k2,k38
)
R3dyk1 ∧ dyk2 ∧ dyk3 ,
Cµν,5 = Bµνijj8
(− κi + yi ◦C5 ) . (6.18)
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6.2 Hyperboloids and D = 4, ISO(p, 7− p)m supergravity
The generalised Leibniz parallelisation on S6 presented above can be adapted to
construct a similar one on the six-dimensional hyperboloids Hp,7−p. This leads to a
consistent truncation of massive type IIA supergravity to four-dimensional ISO(p, 7−
p)m maximal supergravity. The existence of the purely electric gaugings goes back
to [49, 50], while their relation to type IIA on Hp,7−p was first given in [24].
The hyperboloid Hp,q is the homogeneous space
Hp,q =
SO(p, q)
SO(p− 1, q) , (6.19)
and can be seen as the hypersurface in the Euclidean space Rp+q defined by the
equation
ηij y
iyj = 1 , (6.20)
where i, j = 1, . . . , p+ q and
ηij = diag
(
+1, . . . ,+1︸ ︷︷ ︸
p
,−1, . . . ,−1︸ ︷︷ ︸
q
)
. (6.21)
Clearly, taking q = 0 yields the sphere Sp−1.
Let us focus on the six-dimensional hyperboloids Hp,7−p, with 1 ≤ p < 7. A
parallelisation on these manifolds can be introduced following the same path as for
S6, replacing the Kronecker δij by ηij where appropriate. In particular, the Killing
vectors vij , that for the six-sphere satisfy the so(7) algebra (E.7), now respect the
so(p, 7− p) algebra,
Lvijvkl = 2R−1
(
ηi[kvl]j − ηj[kvl]i
)
. (6.22)
The equations (E.8)–(E.12) also need to be modified by replacing δij with ηij every-
where. We can keep the definitions (6.1), noting however that they now transform
in representations of SO(p, 7− p) instead of SO(7). Then (6.5) defines a generalised
parallelisation on Hp,7−p. The Dorfman derivative between two frame elements sat-
isfies (5.20), with the non-vanishing embedding tensor components being still given
by (6.12), where however now
θIJ =
1
2R
diag
(
1, . . . , 1︸ ︷︷ ︸
p
,−1, . . . ,−1︸ ︷︷ ︸
7−p
, 0
)
, (6.23)
while ξIJ remains unchanged. This corresponds to an ISO(p, 7−p) ≃ CSO(p, 7−p, 1)
frame algebra, where the seven translational symmetries are gauged dyonically.
The truncation ansatz remains formally the same as for the reduction on S6. We
thus infer that there exists a consistent truncation of massive IIA supergravity on the
six-dimensional hyperboloids Hp,7−p, down to ISO(p, 7 − p)m gauged supergravity.
As above, the subscript m emphasises that the translational isometries are gauged
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dyonically. Setting m = 0, one recovers a truncation of massless type IIA supergrav-
ity on Hp,7−p down to the ISO(p, 7− p) theory with purely electric gauging [24] (see
also [9]).
It was found in [19] that the only gaugings of four-dimensional maximal super-
gravity in the CSO(p, q, r) class (with r > 0) admitting a symplectic deformation are
CSO(p, 7−p, 1) ≃ ISO(p, 7−p).15 Here we have established that all these symplectic
deformations arise as consistent truncations of massive type IIA supergravity: while
for p = 7 the internal manifold is S6, for 1 ≤ p < 7 the internal manifold is the
hyperboloid Hp,7−p.
The same ideas could be applied to products of hyperboloids and tori, Hp,q×T r,
with p+ q+ r = 7. In this case, the parallelisation would satisfy the CSO(p, q, r+1)
algebra.
6.3 S4 parallelisation with m = 0 and D = 6, SO(5) supergravity
The U-duality group for type IIA on a four-dimensional manifold M4 is E5(5) ≃
SO(5, 5) and the generalised tangent bundle is
E ≃ T ⊕ T ∗ ⊕ R⊕ Λ2T ∗ ⊕ Λ4T ∗ . (6.24)
A section of E
V = v + λ+ ω0 + ω2 + ω4 (6.25)
transforms in the spinorial 16+ representation of SO(5, 5).
We are interested in the case where M4 is the four sphere S
4 and we describe
it using constrained coordinates yi in R5. It is then convenient to consider the
decomposition of the generalised frame EˆA, A = 1 . . . , 16 under SL(5,R)
SO(5, 5) ⊃ SL(5,R)
16+ → 10+ 5+ 1 , (6.26)
so that {EˆA} = {Eˆij} ∪ {Eˆi} ∪ {Eˆ}, with i, j = 1, . . . , 5.
For massless type IIA supergravity on S4, we take the frame
EˆA =

Eˆij = vij + ρij + ιvij
◦
C3 ,
Eˆi = R dyi + yi
◦
vol4 +R dyi ∧
◦
C3 ,
Eˆ = 1 ,
(6.27)
where vij are the SO(4) Killing vectors and
ρij =
◦∗ (R2dyi ∧ dyj) = R
2
2
ǫijk1k2k3 y
k1dyk2 ∧ dyk3 . (6.28)
15For these gaugings, the symplectic deformation is of on/off type: all non-zero values of the
parameter controlling the magnetic gauging are equivalent.
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Note that we have twisted the frame by a background RR potential
◦
C3, that is the
supergravity potential whose field strength threads the whole S4.16 This is chosen
such that
◦
F4 = d
◦
C3 =
3
R
◦
vol4 , (6.29)
which, recalling (E.13), implies
ιvij
◦
F4 = dρij . (6.30)
We will not twist by C1 or B instead, as there are no two- or three-cycles on S
4.
Following similar reasoning as for S6, it is easy to see that the frame above is globally
defined and orthonormal with respect to the generalised metric (3.24), thus it specifies
a generalised parallelisation.
In four dimensions (or lower), the massive generalised Lie derivative simplifies
considerably and reads
LV V
′ = Lvv′ + (Lvλ′ − ιv′dλ) + (ιvdω′0 − ιv′(dω0 −mλ))
+ (Lvω′2 − ιv′dω2 − λ′ ∧ (dω0 −mλ) + ω′0dλ)
+ (Lvω′4 − ιv′dω4 − λ′ ∧ dω2 + ω′2 ∧ dλ) . (6.31)
Using the relations in appendix E, we compute the massless Dorfman derivative (that
is expression (6.31) with m = 0) between the frame elements. We find that the only
non-vanishing pairings are
LEˆij Eˆkl = 2R
−1
(
δi[kEˆl]j − δj[kEˆl]i
)
,
LEˆij Eˆk = −2R−1δk[iEˆj] . (6.32)
This defines a Leibniz algebra since LEˆij Eˆk 6= −LEˆkEˆij = 0; the associated gauge
algebra, following from (5.21), is the SO(5) algebra.
A consistent truncation of massless type IIA supergravity on S4 preserving max-
imal supersymmetry has been constructed in [51, 52] by simply reducing on a circle
the seven-dimensional theory defined by eleven-dimensional supergravity on S4. The
gauge group of the resulting N = (2, 2) six-dimensional theory is indeed SO(5) (see
also [53] for a discussion of the gauging in six dimensions). This theory does not ad-
mit AdS6 vacua: the most symmetric solution is a half-BPS domain-wall, originating
from a circle reduction of the AdS7×S4 vacuum of eleven-dimensional supergravity,
and describing the near-horizon geometry of D4-branes.
16The twist by C3 acts on a vector Vˇ of the untwisted generalised tangent bundle Eˇ on M4 as
(cf. eq. (3.7)):
V = eC3 · Vˇ = vˇ + λˇ+ ωˇ0 + (ωˇ2 + ιvˇC3) + (ωˇ4 + λˇ ∧C3) .
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Following the example of S6, one might expect that the same frame (6.27) would
lead to a generalised parallelisation for m 6= 0 with a modified gauge group in six-
dimensions. However, it is easy to check by direct computation that with the massive
Dorfman derivative the frame (6.27) does not satisfy a Leibniz algebra. We will
further comment on this in section 6.5.
6.4 S3 parallelisation with m = 0 and D = 7, ISO(4) supergravity
The U-duality group of type IIA supergravity on a three-dimensional manifold M3
is E4(4) ≃ SL(5,R), and the corresponding generalised tangent bundle is
E ≃ T ⊕ T ∗ ⊕ R⊕ Λ2T ∗ , (6.33)
with sections
V = v + λ + ω0 + ω2 (6.34)
transforming in the 10 of SL(5,R). A generalised frame {EˆA}, A = 1 . . . , 10, can
equivalently be denoted as {EˆIJ = Eˆ[IJ ]}, with I, J = 1, . . . , 5. We consider again
M3 = S
3 in constrained coordinates yi in R4, and we decompose the frame under
SL(4,R) as
SL(5,R) ⊃ SL(4,R)
10 → 6 + 4 (6.35)
so that {EˆIJ} = {Eˆij, Eˆi5}, with i, j = 1, . . . , 4.
For vanishing Romans mass, m = 0, we can easily construct a generalised paral-
lelisation that realises the ISO(4) algebra. We choose the frame
EˆIJ =
 Eˆij = vij + ρij + ιvij
◦
B ,
Eˆi5 = yi + κi − yi
◦
B ,
(6.36)
where vij are the SO(4) Killing vectors and
ρij =
◦∗ (R2dyi ∧ dyj) = R ǫijkl ykdyl ,
κi =
◦∗ (R dyi) = R
2
2
ǫijkl y
jdyk ∧ dyl . (6.37)
Here, we have twisted the frame by the B field,17 chosen in such a way that
◦
H = d
◦
B =
2
R
◦
vol3 , (6.38)
17The twist by B acts on a vector Vˇ of the untwisted generalised tangent bundle Eˇ on M3 as
V = e−B · Vˇ = vˇ + (λˇ+ ιvˇB) + ωˇ0 + (ωˇ2 − ωˇ0B) .
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which, again recalling (E.13), implies
ιvij
◦
H = dρij . (6.39)
This frame is globally defined and orthonormal; hence it defines a generalised paral-
lelisation. Recalling appendix E and relation (6.39), one can check that the Dorfman
derivative with m = 0 yields
LEˆij Eˆkl = 2R
−1
(
δi[kEˆl]j − δj[kEˆl]i
)
,
LEˆij Eˆk5 = −2R−1δk[iEˆj]5 ,
LEˆi5Eˆkl = 2R
−1δi[kEˆl]5 ,
LEˆi5Eˆk5 = 0 , (6.40)
and the relation (5.20) is satisfied, with structure constants
X[II′][JJ ′]
[KK ′] = 2 δ
[K
[I YI′][Jδ
K ′]
J ′] , YII′ =
2
R
diag(1, 1, 1, 1, 0) . (6.41)
Note that, as the Dorfman derivative is antisymmetric on this frame, it realises a
Lie algebra (rather than just a Leibniz algebra), which in this case is the ISO(4) ≃
CSO(4, 0, 1) algebra.
A consistent truncation of massless type IIA supergravity to maximal D = 7
supergravity with gauge group ISO(4) has been known for some time. This can be
obtained starting from the well-known reduction of eleven-dimensional supergravity
on S4, which yields maximal D = 7, SO(5) supergravity [2], and implementing the
limiting procedure of [24]. In the limit, S4 degenerates into R×S3; correspondingly,
the SO(5) gauge group of the seven-dimensional theory is contracted to ISO(4).18
The bosonic part of this S3 reduction was worked out in detail in [52] (where the
SO(4) subgroup of the gauge group was emphasised). A discussion of the resulting
maximal supergravity can be found in [54]. In seven dimensions, the embedding
tensor determining the gauging transforms in the 15+40′ representation of the global
symmetry group SL(5) [54]. For the ISO(4) gauging, its non-vanishing components
are solely in the 15, and match those in (6.41) obtained from the parallelisation.
In addition to the metric, the fourteen SL(5)/ SO(5) scalars and the ten ISO(4)
gauge vectors, the bosonic field content of the seven-dimensional theory is made of
a massless two-form and four massive self-dual three-forms. The scalar potential
does not admit stationary points, and the most symmetric ground state solution is
a domain wall, describing the near-horizon geometry of NS5-branes.
We would now like to see whether the frame (6.36) gives a generalised paral-
lelisation also for m 6= 0. In this case the problems appear even before considering
18This is analogous to the way the ISO(7) reduction of massless IIA supergravity on S6 is obtained
from the SO(8) reduction of eleven-dimensional supergravity on S7.
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the action of the massive Dorfman derivative. Indeed the frame (6.36) requires the
existence of a non trivial field strength H , while we know from (4.2) that for m 6= 0
H is exact.
6.5 Massive algebras on S3 and S4
In the previous sections we saw that, contrary to the case of S6, the massless frames
for S3 and S4 do not lead to good parallelisations when the Romans mass is turned
on. In this section, we provide some understanding of why the frame on S6 is the
only one that satisfies a good algebra also in the massive Dorfman derivative. We
also explore the possibility of finding other parallelisations that do satisfy an algebra
of the desired type. For S3 we derive a no-go theorem showing that, under mild
assumptions, one cannot find a frame which gives rise to a maximally supersymmetric
consistent truncation with gauge group SO(4) (or larger).
Given a d-dimensional sphere Sd with a non-zero flux for a d-form field-strength,
one can build a GL(d + 1) generalised tangent bundle, which is isomorphic to T ⊕
Λd−2T ∗. Since this admits a global generalised frame, the sphere is generalised paral-
lelisable [8]. This generalised frame is a GL(d+ 1) rotation of the coordinate frame.
For spheres, the GL(d+ 1) generalised tangent bundle is always a sub-bundle of the
full Ed+1(d+1) × R+ bundle and, in fact, it is possible to decompose the whole gen-
eralised tangent bundle into representations of the GL(d + 1) subgroup. Moreover,
all the parts of the parallelisations of the bundle E are related to the corresponding
coordinate frames by the same GL(d+ 1) transformation.
In the previous sections we constructed the frame EˆA and the respective Leibniz
algebra for type IIA on Sd, d = 3, 4, 6. We consider now the effect of adding the
Romans mass to the massless Dorfman derivative. As the given frame on Sd already
satisfies a Leibniz algebra for the massless Dorfman derivative with constant structure
constants XAB
C , the structure constants of the same frame with the massive Dorfman
derivative will be XAB
C + YAB
C , where
YAB
C = EˆA
M EˆB
NECP mMN
P , (6.42)
are the frame components of the Romans mass map mMN
P defined in section 4. The
frame EˆA will thus give a generalised Leibniz parallelisation in the massive Dorfman
derivative if the additional coefficients YAB
C are constant.
A natural way for this to happen would be if the components YAB
C are equal
to the components mMN
P , which are constant by definition. This would mean that
the frame EˆA
M must lie in the stabiliser group of the Romans mass, namely in
the subgroup of Ed+1(d+1) × R+ that leaves mMNP invariant. The stabiliser can be
determined by combining (B.26) and (B.27) with
(R ·m)(V ) = [R,m(V )]−m(R · V ) , (6.43)
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where R is an element of the adjoint of Ed+1(d+1) × R+, see (3.4). For instance, in
six dimensions we find that R ·m = 0 for R of the form19
R = l + ϕ+ r + β + B˜ + Γ5 + C , (6.44)
where l = −ϕ and Γ5 is a five-vector, while C = C1 + C3 + C5. The stabiliser
group is the semi-direct product of a Lie group G with a nilpotent group G′. The
Lie algebra g of G is generated by r, Γ5, C5 and l = −ϕ in (6.44). The Lie algebra
of G′ is g′ = g′1 ⊕ g′2 where g1 and g2 are generated by β and C3, and C1 and B˜,
respectively. The algebra g′ is graded so that the commutator of two g1 elements is in
g2 and all other commutators vanish. The stabiliser groups of m for the dimensions
of interest in this paper are summarised in table 1. In the table, R1 and R2 denote
the representations of G in which g′1 and g
′
2 transform.
d G R1 R2
6 GL(7) 35 7′
5 SL(5)× SL(2)× R+ (10, 2)+1 (5, 1)+2
≤ 4 GL(d)× R+ (Λ2T )+1 ⊕ (Λ3T ∗)+1 (T ∗)+2
Table 1. Constituents of the stabiliser group of mMN
P .
It is noteworthy that only for d = 6 the group G coincides with GL(d+1). Since
the frame EˆA
M is an element of GL(d + 1), we see that for S6 the frame does lie
in the relevant stabiliser group.20 Hence the massless frame remains a good Leibniz
parallelisation when the Romans mass is switched on. However, for d ≤ 5 it does
not, and this provides a partial explanation for why these frames do not give Leibniz
parallelisations in massive IIA. By this reasoning, one is not surprised that S6 is the
only case which works in massive IIA without modifying the frame.
However, the above argument does not rule out the possibility that there are
alternative Leibniz generalised parallelisations of the lower-dimensional spheres in
the massive IIA. In what follows, we explore this possibility focusing on the case
of S3, for simplicity. As noted before, in massive type IIA H3 must be trivial in
cohomology. As S3 has only a non-trivial 3-cycle, this means that there can be no
cohomologically non-trivial field strengths. We thus assume that the background
field configuration has non-zero Romans mass and all other fields are zero. This
implies that the generalised tangent space has no twisting and is just given by the
direct sum
E = Eˇ = T ⊕ T ∗ ⊕ Λ0T ∗ ⊕ Λ2T ∗ . (6.45)
19For lower-dimensional spheres it is enough to truncate to the relevant potentials.
20Note that for d = 6 the full stabiliser group is isomorphic to the geometric subgroup of E7(7)×R+
for M-theory.
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Suppose now that there exists a generalised Leibniz parallelisation EˆA that gives an
SO(4) algebra
LEˆijEˆkl = 2R
−1
(
δi[kEˆl]j − δj[kEˆl]i
)
,
LEˆij Eˆk5 = −2R−1δk[iEˆj]5 ,
LEˆi5Eˆkl = 0 ,
LEˆi5Eˆk5 = 0 , (6.46)
where L is the massive Dorfman derivative. This implies that the generalised metric
G−1 = δABEˆA ⊗ EˆB is preserved by the Dorfman derivative so that the EˆA are gen-
eralised Killing vectors [25, 55]. Thus the gauge transformations of the background
fields generated by the EˆA all vanish. As we have no gauge fields, this leads to the
conditions
LvA
◦
g = 0 , dλA = 0 , dωA −mλA = 0 , (6.47)
which imply that the Dorfman derivative reduces to the Lie derivative term only
LEˆA ≡ LvA . (6.48)
As the vector parts of the Eˆij satisfy the SO(4) algebra, these must be the S
3 Killing
vectors (up to an overall constant automorphism), and we have that
LEˆij ≡ Lvij (6.49)
is the action of the SO(4) isometry group. The second of (6.46) then says that the
Eˆk5 components of the frame transform in the vector representation. This implies
that
Eˆi5 = a1ki + a2yi + a3dyi + a4
◦∗dyi (6.50)
for some real coefficients an, where y
i, with i = 1, . . . , 4, are the constrained co-
ordinates on R4, while ki are the standard conformal Killing vectors on the sphere
(cf. appendix E). As LEˆi5Eˆj5 = 0 we have a1 = 0 and (6.47) gives us a2 = ma3 and
a4 = 0. One can then see that
EˆA ≡ EˆIJ =
 Eˆij = vij +R
2 dyi ∧ dyj
Eˆi5 = R (myi + dyi) ,
(6.51)
where R is the radius of S3, is the unique frame giving a parallelisation of the
generalised tangent bundle on S3 which satisfies the SO(4) algebra (6.46).21 IfmR =
1, the frame is also orthonormal in the generalised metric. However, the frame (6.51)
21In appendix F we show that in type IIB it is possible to find a parallelisation for the generalised
tangent bundle on S3 that satisfies the same Leibniz algebra (6.46).
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fails to be in the SL(5,R) × R+ generalised frame bundle. We recall from [18] that
the generalised frame bundle is defined to be those frames which are related to
the coordinate frame by an Ed+1(d+1) × R+ transformation. In the SL(5,R) × R+
case, this means that there must also be a parallelisation EˆI of the bundle W ≃
(det T )−1/2 ⊗ (T + det T ), discussed in [8], such that
EˆIJ = EˆI ∧ EˆJ . (6.52)
It is simple to show that our frame (6.51) is not of this form, and is thus outside
of the generalised frame bundle. This means that one cannot use it to describe
a consistent truncation of supergravity. For example, the Scherk–Schwarz twist of
this frame does not define a generalised metric which can be parameterised in terms
of supergravity fields, and as such it does not provide a scalar ansatz for such a
reduction via eq. (5.23).
Having ruled out the possibility of the algebra (6.46), one could still wonder if
there are other frame algebras containing SO(4) which could fare better. The obvious
alternatives would be the ISO(4) algebra (6.40) or SO(5). The latter is immediately
excluded as it is impossible for the vector parts vA of the frame to generate an SO(5)
isometry group in three dimensions. The following argument will show that the
ISO(4) algebra is also excluded.
For the Eˆij parts of the frame, we can use the same generalised Killing vector
arguments as above to deduce that LEˆij ≡ Lvij , so we can again decompose the
frames into SO(4) representations. This decomposition implies that the one-form
part of Eˆi is closed, and, together with the generalised Killing vector condition, that
the one-form part of Eˆij vanishes. From (6.40) we have the constraint LEˆi5Eˆj5 = 0
which implies that LEˆi5 ≡ −(dω2,i)· is the adjoint action of dω2,i ∈ Λ3T ∗ ⊂ ad,
where ω2,i is the two-form part of Eˆi5. However, this contradicts another of the
hypothesised algebra relations LEˆi5Eˆkl = 2R
−1δi[kEˆl]5 as the image of dω2,i ∈ ad is
contained in Λ2T ∗ ⊂ E, while Eˆi5 must feature one-form parts in order for EˆIJ to
give a parallelisation.
We have thus shown that the most likely frame algebras featuring SO(4) in the
gauge group cannot be realised in massive type IIA parallelisations. While these
arguments do not systematically rule out all possibilities, they are highly suggestive
that there is no maximally supersymmetric consistent truncation of massive type IIA
on S3 with gauge group SO(4) (or larger).
It seems that a similar conclusion can be reached for the S4 case. We note that
(6.51), augmented by an additional piece Eˆ = vol4, also yields a Leibniz parallelisa-
tion of the type IIA generalised tangent bundle on S4, satisfying the SO(5) algebra.
However, again one can prove this is not an SO(5, 5)×R+ frame. One can construct
an SO(5, 5)×R+ covariant projection acting on four generalised vectors E4 → Λ4T ∗.
This is done by taking the projections to the bundle N of the two pairs of gener-
alised vectors and then contracting the resulting sections of N , which transform in
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the vector representation of SO(5, 5), using the SO(5, 5) invariant metric. Due to
the R+ weights, the inner product is in fact a volume form and transforms under
R
+, but it is SO(5, 5) invariant. By explicit computation, one can check that the
components of this quartic SO(5, 5) invariant on E are not preserved, or rescaled,
when one moves to the frame (6.51) combined with Eˆ = vol4, showing that this
frame is not an SO(5, 5)× R+ frame.
6.6 S2 parallelisation and D = 8, SO(3) supergravity
We conclude our set of examples by considering type IIA supergravity on the two-
sphere S2. Again, we will see that while it is easy to define a generalised Leibniz
parallelisation for m = 0, in the massive case the most likely frame does not work.
On a two-dimensional manifold, the U-duality group is SL(3) × SL(2), and the
generalised tangent bundle reads
E ≃ T ⊕ T ∗ ⊕ R⊕ Λ2T ∗ , (6.53)
which factorises as
E ≃ (R⊕ det T ∗)⊗ (T ⊕ R) = U ⊗W , (6.54)
where U transforms as an SL(2) doublet and W as an SL(3) triplet.
An SL(3)×SL(2) frame is specified by {Eˆiα}, where i = 1, 2, 3 is an SL(3) index
while α = ± is an SL(2) index. According to the factorisation (6.54), it can be
written as
Eˆiα = Eˆα ⊗ Eˆi , (6.55)
where Eˆα is a frame for U and Eˆi is a frame for W . This guarantees that the scalar
matrix Miα,jβ defined by the generalised Scherk–Schwarz ansatz parameterises the
seven-dimensional coset SL(3)
SO(3)
× SL(2)
SO(2)
, as expected for maximal supergravity in eight
dimensions.
For vanishing Romans mass, a generalised Leibniz parallelisation on S2 is given
by  Eˆi+ = vi + yi + ιvi
◦
C1 ,
Eˆi− = dyi + yi
◦
vol2 − dyi ∧
◦
C1 ,
(6.56)
where vi =
1
2
ǫi
jkvjk are the SO(3) Killing vectors and
◦
vol2 is the volume on the
round S2 of unitary radius. Notice that (before twisting by
◦
C1) the factorisation
condition (6.55) is satisfied by taking
Eˆi = vi + yi ,
Eˆα =
(
1
vol2
)
α
. (6.57)
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Moreover, choosing the two-form flux as
◦
F2 = d
◦
C1 =
1
R
◦
vol2 , (6.58)
so that ιvid
◦
C1= cR dyi, the massless Dorfman derivative yields
LEˆi+Eˆj+ = − 1RǫijkEˆk+ , LEˆi+Eˆj− = − 1RǫijkEˆk+ ,
LEˆi−Eˆj+ = 0 , LEˆi−Eˆj− = 0 , (6.59)
which is a Leibniz algebra leading to an SO(3) gauge algebra.
Hence we have an SL(3) × SL(2) Leibniz parallelisation with associated SO(3)
gauge algebra. This can be used to define a generalised Scherk–Schwarz reduction
of massless type IIA supergravity on S2, down to to maximal supergravity in eight
dimensions with gauge group SO(3). As pointed out in [43], this consistent reduction
on S2 is the same as the conventional Scherk–Schwarz reduction of eleven-dimensional
supergravity on the group manifold SU (2) ≃ S3, presented long ago in [56]. The
explicit truncation ansatz for the metric, dilaton and RR two-form on S2 can be
found in [57, sect. 6], and its relation with the S3 reduction of eleven-dimensional
supergravity is explained in [58].
When the Romans mass is switched on, the frame (6.56) fails to satisfy an algebra
under the Dorfman derivative with m 6= 0. One could consider the alternative
generalised frame  Eˆi+ = vi + yi
◦
vol2 ,
Eˆi− = dyi + yi ,
(6.60)
which compared to (6.56) has the role of the R and Λ2T ∗ terms exchanged, and is
not twisted by
◦
C1. This frame is still globally defined, orthonormal and can easily
be checked to satisfy the SO(3) algebra under the massive Dorfman derivative for
mR = 1. However, it cannot be put in the form (6.55), so it is not an acceptable
SL(3)× SL(2) frame. This means that a Scherk–Schwarz reduction based on (6.60)
would not define a generalised metric of the type given by the supergravity degrees
of freedom (3.29), so it would not make sense to define an ansatz like (5.23). The
S2 case is thus on the same footing as S3 and S4, that is it does not seem to allow
for a consistent truncation of massive type IIA supergravity preserving maximal
supersymmetry.
7 Conclusions
In this paper we derived the exceptional generalised geometry formalism for type IIA
supergravity on a manifold Md of dimension d ≤ 6, completing and complementing
the work in [14, 17] and in particular showing how to include the Romans mass in the
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formalism. The Romans mass defines a deformation of the massless generalised Lie
derivative which generates the internal diffeomorphisms and gauge transformations
of the supergravity fields.
We then applied this formalism to the construction of generalised Scherk–Schwarz
reductions of type IIA supergravity. These reductions are based on the existence of a
generalised Leibniz parallelisation of the Ed+1(d+1)×R+ generalised tangent bundle on
Md, and are conjectured to yield consistent truncations down to (10−d)-dimensional
maximal gauged supergravities. The Leibniz algebra satisfied by the generalised par-
allelising frame directly determines the embedding tensor of the lower-dimensional
theory, and thus completely specifies it. While the truncation ansatz for the lower-
dimensional scalar fields was already discussed in [8], our derivation of the ansatz for
the fields with one or two external legs from the generalised parallelisation is new in
generalised geometry. For these latter objects, the corresponding ansa¨tze for Scherk–
Schwarz reductions have appeared in recent work studying dimensional reductions
of the exceptional field theory description of eleven-dimensional and type IIB super-
gravity in [9, 11, 12]. Here, however, we gave explicit expressions in terms of type
IIA supergravity fields, directly truncating the supergravity, without enlarging the
dimension of the space-time or introducing additional degrees of freedom. We also
gave a partial proof of the consistency of the generalised Scherk–Schwarz truncations
by showing that the bosonic gauge transformations reduce consistently and yield the
gauge transformations of maximal gauged supergravity.
We applied our construction to concrete examples, and found generalised Leibniz
parallelisations on d-dimensional spheres and hyperbolic spaces. In particular, we
obtained a generalised parallelisation on S6 satisfying the ISO(7) algebra, and spelled
out the corresponding truncation ansatz as obtained from the generalised Scherk–
Schwarz prescription. As recently described in [21, 23], the Romans mass introduces
a magnetic gauging of the ISO(7) translations in the truncated four-dimensional
theory, yielding a symplectic deformation [20] of the type first found in [19] for the
SO(8) gauging. We found the same phenomenon for type IIA supergravity on the
six-dimensional hyperboloids Hp,7−p: on these spaces one can define a consistent
truncation down to ISO(p, 7 − p) supergravity in four-dimensions; switching the
Romans mass on leads to the symplectically-deformed ISO(p, 7−p) gauging described
in [20]. We also obtained generalised Leibniz parallelisations on S4, S3 and S2
for vanishing Romans mass, reproducing the Leibniz algebra of known consistent
truncations of massless type IIA supergravity on these manifolds. When the Romans
mass is switched on, these parallelisations no more satisfy a Leibniz algebra. We
offered an explanation of why this is the case by showing that the frame lies in the
stabiliser group of the Romans mass only for the parallelisation on S6. For massive
type IIA on S3 we presented a no-go result indicating that a consistent truncation
including the SO(4) algebra does not exist. It would be interesting to see whether
similar no-go theorems can be proved for the S4 and S2 cases.
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In this paper we focused on consistent truncations that preserve maximal super-
symmetry. In the last few years a vast literature was devoted to the construction of
consistent truncations with less than maximal supersymmetry, which are interesting
per se and for applications to the AdS/CFT correspondence. An approach similar
to the one of this paper, but employing a non-trivial G-structure on the generalised
tangent bundle rather than the identity structure associated with a parallelisation,
may help clarifying the general structure of such consistent truncations preserving a
fraction of supersymmetry.
It is also noteworthy that there is an alternative massive type IIA theory [59]
which can be obtained from eleven-dimensional supergravity by gauging a combina-
tion of the GL(1) global symmetry and the trombone symmetry of the equations of
motion.22 As such, this theory does not have an action. In [60] it was argued by
superspace methods that this theory and Romans’ original massive theory exhaust
all possibilities. It is natural to ask how this deformation appears in our formalism.
To be diffeomorphism invariant any deformation parameters must appear as GL(6)
singlets with zero R+ weight. There are precisely two such singlets in the 912−1
representation of E7(7) ×R+, one of which we have already identified as the Romans
mass deformation. There is also a singlet in the 56−1 representation, which is an-
other part of the generalised torsion [18], and which could also be used to deform the
Dorfman derivative. When performing generalised Scherk-Schwarz reductions, this
additional 56−1 part of the embedding tensor is generated by gauging the trombone
symmetry [61], and the resulting theory does not have an action. It is natural to
conjecture that deforming the Dorfman derivative by switching on a combination of
the second singlet in 912−1 and the singlet in 56−1 would give the relevant gauge
algebra for the theory described in [59]. One could also try to argue that there are
no other singlet deformations by considering the closure of the gauge algebra, thus
corroborating the result of [60].
The formalism developed in the first part of this paper may also be applied to
investigate problems different from consistent truncations, for instance the study of
marginal deformations of superconformal gauge theories with a (massive) type IIA
dual. We hope to come back to these interesting directions in the near future.
Note added: On completion of this work, we became aware of [62], which
provides an analogous construction of the massive generalised Lie derivative in the
context of exceptional field theory and reproduces massive type IIA supergravity
upon imposing the section condition.
22We thank Paul Richmond for bringing this case to our attention.
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A Notation and conventions
The indices used in this paper are:
µ, ν : external spacetime indices ,
m, n : curved indices on the internal manifold Md ,
a, b : frame indices on Md ,
i, j : indices for the embedding coordinates of Sd in Rd+1 (or Hp,q in Rp+q) ,
I, J : SL(d+ 2,R) indices ,
M,N : curved indices for the Ed+1(d+1) × R+ generalised tangent space on Md ,
A, B : frame indices for the Ed+1(d+1) × R+ generalised tangent space on Md .
Our tensor conventions are the same as in [33]. We collect here the ones relevant
for our computations. On a d-dimensional manifold Md, given a form λ ∈ ΛpT ∗ and
a poly-vector w ∈ ΛqT ,
λ =
1
p!
λm1...mpdx
m1 ∧ · · · ∧ dxmp , w = 1
q!
wm1...mq
∂
∂xm1
∧ · · · ∧ ∂
∂xmq
, (A.1)
we define the contraction
(w y λ)m1...mp−q =
1
q!
wn1...nqλn1...nqm1...mp−q if q ≤ p ,
(w y λ)m1...mq−p =
1
p!
wm1...mq−pn1...npλn1...np if p < q . (A.2)
The contraction of a vector v ∈ T with a form λ is also denoted by ιvλ ≡ v y λ.
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The contraction of a poly-vector w with a tensor τ ∈ T ∗ ⊗ ΛdT ∗ is defined as
(w y τ)m1...md−q+1 =
1
(q − 1)!w
n1...nqτn1, n2...nqm1...md−q+1 . (A.3)
Moreover, for λ ∈ ΛpT ∗ and µ ∈ Λd−p+1T ∗, we define the “j-operator” giving
jλ ∧ µ ∈ T ∗ ⊗ ΛdT ∗ as:
(jλ ∧ µ)m,m1...md =
d!
(p− 1)!(d− p+ 1)! λm[m1...mp−1µmp...md] . (A.4)
This is the same as jλ ∧ µ = dxm ⊗ (ιmλ ∧ µ). Upon exchanging λ and µ one has
jλ ∧ µ = (−1)p(d−p+1)+1 jµ ∧ λ . (A.5)
For the Hodge star we take
(∗λ)m1···md−p =
1
p!
√
g ǫm1···md−p
n1...npλn1...np , (A.6)
with ǫ12...d = +1.
The action of a gl(d) element r ∈ T ⊗ T ∗ on a vector v ∈ T and on a p-form is
defined as
(r · v)m = rmnvn , (r · λ)m1...mp = −p rn[m1λ|n|m2...mp] . (A.7)
B IIA exceptional generalised geometry from M-theory
In this section we derive the exceptional generalised geometry for type IIA super-
gravity on a six-dimensional manifold M6 by dimensional reduction of the M-theory
exceptional generalised geometry on a seven-dimensional space M7.
B.1 M-theory exceptional generalised geometry
The M-theory exceptional generalised geometry was constructed in [14, 15, 18, 33].
While we refer to these papers for a detailed discussion, here we briefly summarise
the main structures that are needed to derive their type IIA counterpart. We use
the same notation and conventions as [18, 33].
In M-theory compactified on a seven-dimensional manifold M7, the fibres of the
generalised tangent bundle E transform in the 561 representation of the E7(7) × R+
structure group. Under GL(7), E decomposes as
E ≃ Eˇ ≡ TM7 ⊕ Λ2T ∗M7 ⊕ Λ5T ∗M7 ⊕ (T ∗M7 ⊗ Λ7T ∗M7) . (B.1)
A section can be written as
V = v + ω + σ + τ , (B.2)
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where at each point on M7, v ∈ TM7 is an ordinary vector, ω ∈ T ∗M7, σ ∈ Λ5T ∗M7
and τ ∈ (T ∗ ⊗ Λ7T ∗)M7.
The adjoint bundle ad decomposes under GL(7) as
ad = R⊕ (TM7 ⊗ T ∗M7)⊕ Λ3T ∗M7 ⊕ Λ6T ∗M7 ⊕ Λ3TM7 ⊕ Λ6TM7 , (B.3)
with sections transforming in the 1330 + 10 representation of E7(7) × R+ given by
R = l + r + a + a˜+ α + α˜ , (B.4)
where l ∈ R gives the shift of the warp factor, r ∈ End(TM7), a ∈ Λ3T ∗M7 is related
to the three-form potential of M-theory, a˜ ∈ Λ6T ∗M7 to its dual, while α ∈ Λ3TM7
and α˜ ∈ Λ6TM7 are a three- and a six-vector.
The adjoint action of the E7(7) × R+ algebra on a generalised vector is denoted
as V ′ = R · V and reads:
v′ = l v + r · v + α y ω − α˜ y σ ,
ω′ = l ω + r · ω + v y a+ α y σ + α˜ y τ ,
σ′ = l σ + r · σ + v y a˜+ a ∧ ω + α y τ ,
τ ′ = l τ + r · τ − ja˜ ∧ ω + ja ∧ σ . (B.5)
The E7(7) subalgebra is given by
1
2
tr(r) = l. The adjoint commutator R′′ = [R,R′] is
l′′ = 1
3
(α y a′ − α′ y a) + 2
3
(α˜′ y a˜− α˜ y a˜′) ,
r′′ = [r, r′] + jα y ja′ − jα′ y ja− 1
3
(α y a′ − α′ y a)1
+ jα˜′ y ja˜− jα˜ y ja˜′ − 2
3
(α˜′ y a˜− α˜ y a˜′)1 ,
a′′ = r · a′ − r′ · a+ α′ y a˜− α y a˜′ ,
a˜′′ = r · a˜′ − r′ · a˜− a ∧ a′ ,
α′′ = r · α′ − r′ · α + α˜′ y a− α˜ y a′ ,
α˜′′ = r · α˜′ − r′ · α˜− α ∧ α′ . (B.6)
The generalised tangent bundle E is actually twisted to take into account the
non-trivial gauge potentials of M-theory, and this is why it is only isomorphic to Eˇ
in (B.1). Given a section Vˇ of the untwisted tangent bundle Eˇ, a section V of E is
defined as
V = eA+A˜ · Vˇ , (B.7)
where A + A˜ is an element of the adjoint bundle. The patching condition on the
overlaps Uα ∩ Uβ is
V(α) = e
dΛ(αβ)+dΛ˜(αβ) · V(β) , (B.8)
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where Λ(αβ) and Λ˜(αβ) are a two- and five-form, respectively. This corresponds to
gauge-transforming the three- and six-form potentials in (B.7) as
A(α) = A(β) + dΛ(αβ) ,
A˜(α) = A˜(β) + dΛ˜(αβ) − 1
2
dΛ(αβ) ∧A(β) . (B.9)
The respective gauge-invariant field-strengths reproduce the supergravity ones:
F = dA ,
F˜ = dA˜− 1
2
A ∧ F . (B.10)
The Dorfman derivative is constructed as a generalisation of the Lie derivative.
The Lie derivative between two ordinary vectors v and v′ of TM7 can be written in
components as a gl(7) action
(Lvv′)m = vn ∂nv′m − (∂ × v)mn v′n , (B.11)
where the symbol × denotes the product of the fundamental and dual representation
of GL(7). Similarly, indicating by V M the components of V in a standard coordi-
nate basis, and embedding the standard derivative operator as a section of the dual
generalised tangent bundle E∗, one can define the Dorfman derivative as
(LV V
′)M = V N∂NV
′M − (∂ ×ad V )MNV ′N , (B.12)
where ×ad is the projection onto the adjoint bundle,
×ad : E∗ ⊗ E → ad . (B.13)
In the GL(7) decomposition, (B.12) becomes
LV V
′ = Lvv′+(Lvω′ − ιv′dω)+(Lvσ′ − ιv′dσ − ω′ ∧ dω)+(Lvτ ′ − jσ′ ∧ dω − jω′ ∧ dσ) .
(B.14)
Note that this is not antisymmetric under the exchange of V and V ′.
Another object we will need is the bundle N first introduced in [18]. This is a
sub-bundle of the symmetric product of two generalised tangent bundles, N ⊂ S2E,
and can be expressed as
N ≃ T ∗M7 ⊕ Λ4T ∗M7 ⊕ (T ∗M7 ⊗ Λ6T ∗M7)
⊕ (Λ3T ∗M7 ⊗ Λ7T ∗M)⊕ (Λ6T ∗M7 ⊗ Λ7T ∗M7) . (B.15)
Formally, N can be described via a series of exact sequences
0 −→ Λ4T ∗M7 −→ N ′ −→ T ∗ −→ 0 ,
0 −→ T ∗M7 ⊗ Λ6T ∗M7 −→ N ′′ −→ N ′ −→ 0 ,
0 −→ Λ7T ∗M7 ⊗ Λ3T ∗M7 −→ N ′′′ −→ N ′′ −→ 0 ,
0 −→ Λ7T ∗M ⊗ Λ6T ∗M −→ N −→ N ′′′ −→ 0 .
(B.16)
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Under E7(7)×R+, sections of N transform in the 1332 representation. Their expres-
sion in terms of the symmetric product of generalised vectors can be found in [18].
The simplest of the intermediate bundles appearing in (B.16) is N ′, whose type
IIA counterpart will be relevant for the scopes of this paper. This can be expressed
as
N ′ ≃ T ∗M7 ⊕ Λ4T ∗M7 . (B.17)
Given a basis {EˆA}, A = 1, . . . , 56, for the generalised tangent bundle E, a section
S of N ′ has the form
S = SABEˆA ⊗N ′ EˆB , (B.18)
where SAB are functions on the manifold and the map ⊗N ′ : E ⊗E → N ′ is defined
by
V ⊗N ′ V ′ = (v yω′ + v′ yω) + (v y σ′ + v′ y σ − ω ∧ ω′) . (B.19)
We make this definition as it is the result of taking the E7(7)×R+ covariant projection
of V ⊗V ′ onto N (from [18]) and then projecting onto N ′ using the natural mappings
in (B.16). We stress that the sections of N ′ themselves do not transform in a definite
representation of E7(7) × R+.
B.2 Reduction to type IIA
We can now proceed and reduce the structures above to type IIA supergravity (in
string frame) on a six-dimensional manifold M6. Decomposing the E7(7) × R+ gen-
eralised tangent bundle E under the GL(6) structure group of M6, we obtain
E ≃ T ⊕ T ∗ ⊕ Λ5T ∗ ⊕ (T ∗ ⊗ Λ6T ∗)⊕ ΛevenT ∗ , (B.20)
where ΛevenT ∗ = R⊕Λ2T ∗⊕Λ4T ∗⊕Λ6T ∗ and each term in the direct sum is now on
M6. A section, transforming again in the fundamental of E7(7) ×R+, can be written
as
V = v + λ+ σ + τ + ω , (B.21)
where ω = ω0 + ω2 + ω4 + ω6 is a poly-form in Λ
evenT ∗.
The GL(6) decomposition of the adjoint bundle is
adF = R∆⊕Rφ⊕(T ⊗T ∗)⊕Λ2T ⊕Λ2T ∗⊕Λ6T ⊕Λ6T ∗⊕ΛoddT ⊕ΛoddT ∗ , (B.22)
with section
R = l + ϕ+ r + β + b+ β˜ + b˜+ α+ a , (B.23)
where α = α1 + α3 + α5 ∈ ΛoddT and a = a1 + a3 + a5 ∈ ΛoddT ∗ are antisymmetric
poly-vectors and poly-forms, respectively.
Let us now derive the action of the adjoint of E7(7) ×R+ on a generalised vector
and the commutators of two adjoints in type IIA language. Denoting by z the
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coordinate along the seventh direction, a type IIA generalised vector is related to an
M-theory generalised vector as
vM = v + ω0∂z ,
ωM = ω2 − λ ∧ dz ,
σM = σ + ω4 ∧ dz ,
τM = τ ∧ dz + dz ⊗ (ω6 ∧ dz) , (B.24)
where τ = τ1 ⊗ τ6 and the subscript M denotes the M-theory quantities defined in
section B.1. Similarly, the M-theory adjoint (B.4) decomposes as
lM = l − 13ϕ
aM = a3 + b ∧ dz
a˜M = b˜+ a5 ∧ dz
αM = α3 + β ∧ ∂z
α˜M = β˜ + α5 ∧ ∂z
rM =
(
r + 1
3
ϕ1 −α1
a1 −23ϕ
)
(B.25)
where the identification lM = l− 13ϕ follows from the relation between the M-theory
and IIA warp factors ∆M = ∆IIA − 13φ.
Decomposing the M-theory adjoint action given in (B.5) yields the IIA adjoint
action on a generalised vector. Denoting this by V ′ = R · V , we have
v′ = lv + r · v − [α y s(ω)]−1 − β y λ− β˜ y σ ,
λ′ = lλ + r · λ− v y b− [α y s(ω)]1 − β˜ y τ ,
σ′ = (l − 2ϕ)σ + r · σ + v y b˜− [ω ∧ s(a)]5 − β y τ ,
τ ′ = (l − 2ϕ)τ + r · τ + ja ∧ s(ω) + jb˜ ∧ λ− jb ∧ σ ,
ω′ = (l − ϕ)ω + r · ω + b ∧ ω + v y a+ λ ∧ a+ β yω + α y σ + α y τ , (B.26)
where s is the sign operator s(ωn) = (−1)[n/2]ωn for ωn ∈ ΛnT ∗, and [. . .]p denotes the
form of degree p in the formal sum inside the parenthesis (by −1 we mean we pick the
vector component). The E7(7) subalgebra is specified by
1
2
tr(r) = l−ϕ. In particular,
the O(6, 6) ⊂ E7(7) action is generated by r, b and β, also setting ϕ = −12tr(r) and
all other generators to zero.
Reducing the M-theory commutator (B.6) with the decomposition (B.25) we find
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that the IIA adjoint commutator R′′ = [R,R′] reads
l′′=−1
2
(α1 y a
′
1 − α′1 y a1) + 12(α3 y a′3 − α′3 y a3)− 12(α5 y a′5 − α′5 y a5) + (β˜ ′ y b˜− β˜ y b˜′)
φ′′= 3
2
(α′1 y a1 − α1 y a′1) + 12(α3 y a′3 − α′3 y a3)− 12(α′5 y a5 − α5 y a′5)
−(β y b′ − β ′ y b) + (β˜ ′ y b˜− β˜ y b˜′)
r′′= [r, r′] + jα′1 y ja1 − jα1 y ja′1 + jα3 y ja′3 − jα′3 y ja3 − jα5 y ja′5 + jα′5 y ja5
+jβ y jb′ − jβ ′ y jb− jβ˜ y jb˜′ + jβ˜ ′ y jb˜+ 1
2
1(α′1 y a1 − α1 y a′1) + 121(α′3 y a3 − α3 y a′3)
+1
2
1(α′5 y a5 − α5 y a′5) + 1(β˜ y b˜′ − β˜ ′ y b˜)
b′′= r · b′ − r′ · b+ α1 y a′3 − α′1 y a3 − α3 y a′5 + α′3 y a5
b˜′′= r · b˜′ − r′ · b˜− 2ϕb˜′ + 2ϕ′b˜+ a1 ∧ a′5 − a′1 ∧ a5 − a3 ∧ a′3
a′′= r · a′ − r′ · a− ϕa′ + ϕ′a + b ∧ a′ − b′ ∧ a + β y a′ − β ′y a− α y b˜′ + α′y b˜
β ′′= r · β ′ − r′ · β + α′3 y a1 − α3 y a′1 − α′5 y a3 + α5 y a′3
β˜ ′′= r · β˜ ′ − r′ · β˜ + 2ϕβ˜ ′ − 2ϕ′β˜ + α1 ∧ α′5 − α3 ∧ α′3 + α5 ∧ α′1
α′′= r · α′ − r′ · α + ϕα′ − ϕ′α+ β ∧ α′ − β ′ ∧ α− α y b′ + α′y b− β˜ y a′ + β˜ ′y a . (B.27)
We next obtain the explicit expression for the Dorfman derivative between two
type IIA generalised vectors V and V ′. By plugging (B.24) into (B.14) we find:
LV V
′ = Lvv′ + (Lvλ′ − ιv′dλ) + (ιvdω′0 − ιv′dω0)
+ (Lvω′2 − ιv′dω2 − λ′ ∧ dω0 + ω′0dλ)
+ (Lvω′4 − ιv′dω4 − λ′ ∧ dω2 + ω′2 ∧ dλ)
+ (Lvω′6 − λ′ ∧ dω4 + ω′4 ∧ dλ)
+ (Lvσ′ − ιv′dσ + ω′0dω4 − ω′2 ∧ dω2 + ω′4 ∧ dω0) (B.28)
+ (Lvτ ′ + jσ′ ∧ dλ+ λ′ ⊗ dσ + dω0 ⊗ ω′6 + jω′4 ∧ dω2 − jω′2 ∧ dω4) .
This expression can be cast in the more compact form given in (3.19).
As in M-theory, the presence in type IIA of non-trivial gauge potentials leads
to the definition of a twisted generalised tangent bundle whose sections are related
to (B.21) by the twist (3.6). In order to derive the explicit form of the twist we
need to exponentiate the E7(7) adjoint action on a generalised vector (B.26) with
l = ϕ = r = β = β˜ = α = 0. This corresponds to exponentiating a nilpotent
subalgebra of the E7(7) algebra, comprising precisely the form potentials of type IIA
supergravity. We find that the series expansion
V ′ = eR · V ≡ V +R · V + 1
2
R · (R · V ) + . . . (B.29)
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truncates at fifth order, and is given by
v′= v ,
λ′= λ− ιvb ,
σ′= σ + ιv b˜−
[B(1) ∧ s(a) ∧ ω + B(2) ∧ s(a) ∧ ιva]5 + a1 ∧ a3 ∧ (λ− 13ιvb) ,
τ ′= τ + jb˜ ∧ (λ− 1
2
ιvb
) − js(a) ∧ (B(1) ∧ ω + B(2) ∧ (ιva + λ ∧ a) + B(3) ∧ a ∧ ιvb)
−jb ∧
(
σ + 1
2
ιv b˜− B(2) ∧ s(a) ∧ ω − B(3) ∧ s(a) ∧ ιva+ 13a1 ∧ a3 ∧
(
λ− 1
4
ιvb
))
,
ω′=eb ∧ ω + B(1) ∧ (ιva + λ ∧ a) + B(2) ∧ a ∧ ιvb , (B.30)
where we introduced the shorthand notation
B(1) = e
b − 1
b
= 1 + 1
2
b+ 1
3!
b ∧ b+ . . . ,
B(2) = e
b − 1− b
b ∧ b =
1
2
+ 1
3!
b+ 1
4!
b ∧ b+ . . . ,
B(3) = e
b − 1− b− 1
2
b ∧ b
b ∧ b ∧ b =
1
3!
+ 1
4!
b+ 1
5!
b ∧ b+ . . . . (B.31)
We can also reduce to type IIA the bundle N ⊂ S2E given in (B.15). In terms
of bundles on M6, we obtain
N ≃ R⊕Λ4T ∗ ⊕ΛoddT ∗ ⊕Λ6T ∗ ⊕ (T ∗ ⊗ Λ5T ∗)⊕ (Λ2T ∗ ⊕ Λ6T ∗ ⊕ ΛoddT ∗)⊗ Λ6T ∗.
(B.32)
The full N bundle in type IIA is described as a similar set of exact sequences to
those in M-theory (B.16). Again, these provide us with a natural projection onto a
smaller bundle N ′, which is isomorphic to
N ′ ≃ R⊕ Λ4T ∗ ⊕ ΛoddT ∗ (B.33)
(note that this also includes Λ5T ∗ and is thus not just the reduction of the M-theory
N ′ bundle given in (B.17)). Given a basis {EˆA}, A = 1, . . . , 56, for the generalised
tangent bundle E, a section S of N ′ has the form
S = SABEˆA ⊗N ′ EˆB , (B.34)
where SAB are functions on the manifold and the map
⊗N ′ : E ⊗ E → N ′ (B.35)
is defined as
V ⊗N ′ V ′ = v y λ′ + v′y λ
+ v y σ′ + v′ y σ + [ω ∧ s(ω′)]4
+ v yω′ + λ ∧ ω′ + v′yω + λ′ ∧ ω . (B.36)
As for (B.19), this is the E7(7)×R+ covariant projection to N further projected onto
N ′.
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B.3 The split frame
As discussed in section 3.3, a convenient way to compute the generalised metric is
starting from the conformal split frame, namely a specific choice of frame on the
generalised tangent bundle (3.1). Here we derive the type IIA conformal split frame
by reducing the M-theory one given in [18]. The latter reads
EM aˆ = e∆M
(
eˆaˆ + ieˆaˆA+ ieˆaˆA˜+
1
2
A ∧ ieˆaˆA+ jA ∧ ieˆaˆA˜+ 16jA ∧A ∧ ieˆaˆA
)
,
E aˆ1aˆ2M = e∆M
(
eaˆ1aˆ2 + A ∧ eaˆ1aˆ2 − jA˜ ∧ eaˆ1aˆ2 + 1
2
jA ∧A ∧ eaˆ1aˆ2
)
,
E aˆ1...aˆ5M = e∆M
(
eaˆ1...aˆ5 + jA ∧ eaˆ1...aˆ5) ,
E aˆ,aˆ1...aˆ7M = e∆M eaˆ,aˆ1...aˆ7 , (B.37)
where ∆M is the M-theory warp factor and A and A˜ are the three- and six-form
potentials of M-theory. eˆaˆ is a frame for TM7, eaˆ is the dual one and e
aˆ1...aˆp =
eaˆ1 ∧ · · · ∧ eaˆp , and eaˆ,aˆ1...aˆ7 = eaˆ ⊗ eaˆ1...aˆ7 . The index aˆ goes from 1 to 7 and, not to
clutter the notation, we omitted the subscript M on eˆaˆ and e
aˆ.
In reducing to type IIA, we decompose the M-theory potentials as
A = C3 − B ∧ dz ,
A˜ = B˜ − 1
2
C5 ∧ C1 + (C5 − 12B ∧ C3) ∧ dz , (B.38)
where z denotes again the circle direction along which we are reducing, and B, B˜ and
Ck are the IIA potentials. As already recalled, the IIA and M-theory warp factors
are related by
∆M = ∆− φ/3 . (B.39)
To reduce the split frame (B.37), we also need to decompose the seven-dimensional
indices as aˆ = (a, 7), with a = 1, . . . , 6, and write the seven-dimensional frames as
eˆM aˆ =
e
φ/3 (eˆa + Ca∂z)
e−2φ/3∂z
eaˆM =
e
−φ/3ea
e2φ/3 (dz − C1) ,
(B.40)
where eˆa and e
a are basis for the IIA frame and dual frame bundle, respectively,
while Ca denotes the components of the one-form C1. The reduction gives
{EˆA} = {Eˆa} ∪ {Ea} ∪ {Ea1...a5} ∪ {Ea,a1...a6} ∪ {E} ∪ {Ea1a2} ∪ {Ea1...a4} ∪ {Ea1...a6} ,
(B.41)
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with
Eˆa = e∆
(
eˆa + ιeˆaB + e
−B ∧ ιeˆa(C1 + C3 + C5) + ιeˆaB˜ + jB˜ ∧ ιeˆaB
− 1
2
C1 ∧ ιeˆaC5 + 12C3 ∧ ιeˆaC3 − 12C5 ∧ ιeˆaC1 − 12jC5 ∧ ιeˆaC3
+1
2
jB ∧ C3 ∧ ιeˆaC3 − 12jB ∧ C5 ∧ ιeˆaC1 − 12jB ∧ C1 ∧ ιeˆaC5
)
,
Ea = e∆(ea − e−B ∧ (C1 + C3 + C5) ∧ ea + jB˜ ∧ ea − C3 ∧ C1 ∧ ea
− jB ∧ C3 ∧ C1 ∧ ea + 12jC1 ∧ C5 ∧ ea − 12jC3 ∧ C3 ∧ ea + 12jC5 ∧ C1 ∧ ea
)
,
Ea1...a5 = e∆−2φ (ea1...a5 + jB ∧ ea1...a5) ,
Ea,a1...a6 = e∆−2φ (ea,a1...a6) ,
E = e∆−φ (e−B − C5 − jB ∧ C5) ,
Ea1a2 = e∆−φ (e−B ∧ ea1a2 + C3 ∧ ea1a2 − jC5 ∧ ea1a2 + jB ∧ C3 ∧ ea1a2) ,
Ea1...a4 = e∆−φ (e−B ∧ ea1...a4 − C1 ∧ ea1...a4 + jC3 ∧ ea1...a4 − jB ∧ C1 ∧ ea1...a4) ,
Ea1...a6 = e∆−φ (ea1...a6 − jC1 ∧ ea1...a6) .
(B.42)
These expressions can be summarised in the twist given in (3.27).
C Twisted bundle and gauge transformations
In this appendix, we show how one can derive the patching conditions (3.8) of the
generalised tangent bundle starting from the supergravity gauge transformations.
The key requirement will be that the generalised vector generates the diffeomor-
phism and gauge transformations that act on the supergravity fields. We include the
Romans mass in our computation, the massless case simply follows by setting m = 0.
We start imposing that in each patch U of the manifoldM6, a generalised vector
V generates a diffeomorphism and gauge transformation of the type IIA supergravity
potentials:
δVB = LvB − dλ ,
δVC = LvC − eB ∧ (dω −mλ) ,
δV B˜ = LvB˜ − (dσ +mω6)− 12
[
eB ∧ (dω −mλ) ∧ s(C)]
6
, (C.1)
where all the fields are defined on U . In these expressions, the diffeomorphism is
generated by the ordinary Lie derivative L along a vector v, while the remaining
terms correspond to the supergravity gauge transformation.
We next require that the generalised diffeomorphism (C.1) be globally well-
defined. This means that on the intersection of a patch Uα with another patch
Uβ , the new field configuration defined by (C.1) is patched in the same way as the
original one, so as to preserve the global structure (which cannot be changed by an
infinitesimal transformation). The patching conditions for the gauge potentials on
Uα ∩ Uβ are given by the gauge transformation of the supergravity fields. At the
linearised level, these read
B(α) = B(β) + dΛ(αβ) ,
C(α) = C(β) + e
B(β) ∧ (dΩ(αβ) −mΛ(αβ)) ,
B˜(α) = B˜(β) + dΛ˜(αβ) +mΩ6(αβ) +
1
2
[
eB(β) ∧ (dΩ(αβ) −mΛ(αβ)) ∧ s(C(β))
]
6
, (C.2)
where the labels (α) and (β) indicate fields on Uα and Uβ, respectively, while (αβ)
denotes a field defined just on Uα ∩ Uβ . Note that these gauge transformations
have the opposite signs with respect to those in (C.1), as that equation describes an
active transformation which shifts the field configuration to a physically equivalent
one; contrastingly, equation (C.2) describes a patching relation needed to define the
fields on the whole manifold, similar to coordinate invariance in general relativity,
which is a passive transformation. From (C.2) we construct the corresponding finite
transformation. Its form is not uniquely determined, since it depends on the order
one chooses for the exponentiation of the infinitesimal transformations. We choose
to exponentiate first the action of the RR transformation with parameter Ω, then
the NSNS transformation by Λ and finally the one by Λ˜. This gives:
B(α) = B(β) + dΛ(αβ) ,
C(α) = C(β) + e
B(β)+dΛ(αβ) ∧ dΩ(αβ) −m eB(β) ∧ Λ(αβ) ∧
(
edΛ−1
dΛ
)
(αβ)
,
B˜(α) = B˜(β) + dΛ˜(αβ) +mΩ6 (αβ) +
1
2
mΛ(αβ) ∧
[
e−B(β) ∧
(
e−dΛ−1
dΛ
)
(αβ)
∧ C(β)
]
5
+ 1
2
[
dΩ(αβ) ∧ eB(β)+dΛ(αβ) ∧ s(C(β))−m dΩ(αβ) ∧ Λ(αβ) ∧
(
edΛ−1
dΛ
)
(αβ)
]
6
,
(C.3)
where we used the shorthand notation
e±dΛ−1
dΛ
= ±1 + 1
2
dΛ± 1
3!
dΛ ∧ dΛ + . . . . (C.4)
Imposing that the new field configurations (C.1) in two overlapping patches Uα
and Uβ are still related in the intersection Uα ∩Uβ by the transformation (C.3), and
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working to first order in the components of V , we obtain
δV(α)B(α) = δV(β)B(β) ,
δV(α)C(α) = δV(β)C(β) + e
B(β)+dΛ ∧ δV(β)B(β) ∧ dΩ−m eB(β) ∧ δV(β)B(β) ∧ Λ ∧
(
edΛ−1
dΛ
)
,
δV(α)B˜(α) = δV(β)B˜(β) +
1
2
mΛ ∧
[
e−B(β) ∧ (e−dΛ−1
dΛ
) ∧ (δV(β)C(β) − δV(β)B(β) ∧ C(β))]
5
+ 1
2
[
dΩ ∧ eB(β)+dΛ ∧
(
s(δV(β)C(β)) + δV(β)B(β) ∧ s(C(β))
)]
6
, (C.5)
where for ease of notation we are omitting the label (αβ) on Λ, Λ˜ and Ω. This
equation can be solved to give relations between the components of V(α) and V(β).
Also requiring that these relations are linear in V(α) and V(β), we obtain the following
patching rules for the generalised vector:
v(α) = v(β) ,
λ(α) = λ(β) + ιv(β)dΛ ,
σ(α) = σ(β) + ιv(β)(dΛ˜ +mΩ6) + dΩ0 ∧ dΩ2 ∧ (λ(β) + ιv(β)dΛ)
− [s(dΩ) ∧ (e−dΛ ∧ ω(β) +m( e−dΛ−1dΛ ) ∧ (ιv(β)Λ + λ(β) ∧ Λ))+ 12s(dΩ) ∧ ιv(β)dΩ]5
− [m( e−dΛ−1
dΛ
) ∧ Λ ∧ ω(β) +m2(e−dΛ−1+dΛdΛ∧dΛ ) ∧ Λ ∧ ιv(β)Λ]5 ,
ω(α) = e
−dΛ ∧ ω(β) + ιv(β)dΩ + (λ(β) + ιv(β)dΛ) ∧ dΩ
+m
(
e−dΛ−1
dΛ
) ∧ (ιv(β)Λ + λ(β) ∧ Λ) +m( e−dΛ−1+dΛdΛ∧dΛ ) ∧ Λ ∧ ιv(β)dΛ . (C.6)
Setting m = 0, these terms match precisely those following from eq. (3.8) for the
patching of the twisted generalised tangent space relevant to massless type IIA.
Keeping m 6= 0, we recover the corresponding terms of equation (4.1).
Note however that by this procedure, one can construct the full twisted bundle
E only for compactifications on manifolds Md of dimension d ≤ 5. Indeed one
can directly deduce the patching of the differential form parts of the generalised
vector (which form a section of the bundle E ′′′ in (3.10)), but not the dual graviton
charge, as there is no known treatment of the (non-linear) gauge transformations of
the dual graviton field in an arbitrary background. One can nevertheless infer the
transformation of the τ component of the generalised vector by insisting that the
patching is an Ed+1(d+1) adjoint action. In particular, for m = 0 this yields:
τ(α) = τ(β) + jdΛ ∧ σ(β) + jdΛ˜ ∧ (λ(β) + ιv(β)dΛ)
− js(dΩ) ∧ (e−dΛ ∧ ω(β) + 12 ιv(β)dΩ + 12(λ(β) + ιv(β)dΛ) ∧ dΩ) . (C.7)
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D Exceptional generalised tangent bundle as an extension
of O(d, d) generalised geometry
In the formulae for exceptional generalised geometry for (massive) type IIA, one
can identify combinations of terms familiar from Hitchin’s generalised geometry [30,
31]. We devote this appendix to showing how the exceptional generalised tangent
space can be formulated as an extension of that introduced by Hitchin, by O(d, d)×
R
+ tensor bundles. This clarifies how exceptional geometry constructions like the
Dorfman derivative (4.3), are built out of objects and operators naturally associated
to these O(d, d)× R+ generalised geometric bundles.
Recall that Hitchin’s generalised tangent space [30, 31], which we denote by E ′,
has the structure of an extension
0 −→ T ∗ pi∗−→ E ′ pi−→ T −→ 0 . (D.1)
The supergravity B-field provides a splitting of the sequence and thus an isomorphism
E ′ ∼= T ⊕ T ∗ . (D.2)
As in [32], we will view E ′ as an O(d, d)× R+ vector bundle with zero R+-weight.
We normalise the R+ weight by fixing the line bundle L ∼= ΛdT ∗ to have unit weight.
The spinor bundles associated to E ′ with weight 1
2
, denoted S±(E ′) 1
2
, can then be
represented as local polyforms
S±(E ′) 1
2
∼= Λeven/oddT ∗ , (D.3)
while (in six dimensions) there is also an isomorphism
E ′ ⊗ L ∼= Λ5T ∗ ⊕ (T ∗ ⊗ Λ6T ∗) . (D.4)
The bundles S±(E ′) 1
2
and E ′ ⊗ L are themselves naturally formed from extensions,
and the isomorphisms (D.3) and (D.4) are also provided by the supergravity B field.
The (massive) type IIA exceptional generalised tangent space E then fits into
the exact sequences
0 −→ S+(E ′) 1
2
−→ E ′′ −→ E ′ −→ 0 ,
0 −→ E ′ ⊗ L −→ E −→ E ′′ −→ 0 .
(D.5)
These give us a mapping
π′ : E → E ′
V 7→ X = v + λ , (D.6)
which serves as an analogue of the anchor map when viewing the exceptional gener-
alised tangent space E as an extension of E ′.
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Some useful O(d, d)×R+ covariant maps can be defined as follows. First, given
a section b˜ ∈ L, one has the mapping
b˜ : E ′ → E ′ ⊗ L
v + λ 7→ iv b˜− λ⊗ b˜
(D.7)
There is also a natural derivative
∂ : E ′ ⊗ L→ L
X˜ = σ + τ 7→ 〈∂, X˜〉 = dσ, (D.8)
which is the analogue of the (covariant) divergence of a vector density in Riemannian
geometry, and a covariant pairing of spinors of opposite chirality
〈(. . . ),Γ(1)(. . . )〉 : S+(E ′) 1
2
⊗ S−(E ′) 1
2
→ E ′ ⊗ L
〈ω,Γ(1)θ〉 = −[s(ω) ∧ θ]5 − [js(ω) ∧ θ]1,6 .
(D.9)
The supergravity fields23 A and B˜ are naturally collections of local sections of
S−(E ′) 1
2
and L respectively, patched by the relevant supergravity gauge transfor-
mations. These provide splittings of the sequences (D.5) and thus an isomorphism
E ∼= E ′ ⊕ S+(E ′) 1
2
⊕ (E ′ ⊗ L)
V 7→ Xˇ + ωˇ + ˇ˜X
(D.10)
which is given explicitly in terms of the maps above as
Xˇ = X
ωˇ = ω −X · A
ˇ˜X = X˜ − B˜ ·X − 〈ω − 1
2
X · A,Γ(1)A〉
(D.11)
where X · A is the Clifford product.
Let us now show how to write the massless type IIA Dorfman derivative (3.19)
in terms of natural operations in O(d, d) × R+ generalised geometry. Denote by
X = π′(V ) = v + λ and X ′ = π′(V ′) = v′ + λ′ the projections of the generalised
vectors V and V ′ onto E ′ using the mapping (D.6). The vector and one-form parts of
(3.19) correspond to the O(d, d) Dorfman derivative LXX
′ = Lvv′ + (Lvλ′ − ιv′dλ),
so that one has π′(LV V
′) = Lpi′(V )π
′(V ′). This is reminiscent of the situation for the
usual anchor map π : E → TM , which satisfies π(LV V ′) = Lpi(V )π(V ′) so that the
Dorfman derivative descends to the Lie derivative. Here, the mapping π′ preserves
the Dorfman derivative structure. We remark that the map π′ and the Dorfman
23In this appendix we use the A-basis for the RR fields (see footnote 1) as we wish for the
B field to appear purely in the twisting of the O(d, d) bundles in (D.5) and not in defining the
isomorphism (D.10).
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derivatives can be viewed as providing a generalisation of the notion of an algebroid,
where one replaces the tangent bundle with Hitchin’s generalised tangent bundle.
The poly-forms ω and ω′ are local sections of the O(6, 6) spinor bundle S+(E ′) 1
2
,
and these are treated in an O(6, 6)-covariant way in (3.19). Indeed, LXω
′ = (Lv +
dλ∧)ω′ is a spinorial Lie derivative in O(d, d) generalised geometry, while (ιv+λ∧)dω
is the Clifford action of the O(6, 6) generalised vector X on dω.
In six dimensions, the last two parts σ and τ form a local section X˜ of E ′⊗L as
in (D.4). We see that the O(d, d)× R+ Dorfman derivative LXX˜ ′ = Lvσ′ + Lvτ ′ +
jσ′ ∧ dλ accounts for some of the terms involving these in LV V ′. From (D.8), one
can write dσ = 〈∂,X〉, a section of L, which can act on X ′ via the map (D.7), to
give 〈∂,X〉(X ′) = iv′dσ − λ′ ⊗ dσ. Finally, the exterior derivative gives the natural
O(d, d)×R+ Dirac operator S+(E ′) 1
2
→ S−(E ′) 1
2
and the pairing between ω′ and dω
in the first and second lines of (3.19) is the O(6, 6)× R+ invariant given in (D.9).
Putting all of this together, we can write the Dorfman derivative in terms of
O(d, d)× R+ objects as
LV V
′ = LXX
′ + (LXω
′ −X ′ · dω) + (LXX˜ ′ − 〈∂, X˜〉(X ′)− 〈ω′,Γ(1)dω〉) . (D.12)
This can be easily enhanced to include the mass terms in (4.3). The mass can be
viewed as a local section of the spinor bundle S+(E ′) 1
2
∼= ΛevenT ∗ and we can write
the massive version of (D.12) as
LV V
′ = LXX
′ +
[
LXω
′ −X ′ · (dω −X ·m)
]
+
[
LXX˜
′ − (〈∂, X˜〉+ 〈ω,m〉)(X ′)− 〈ω′,Γ(1)(dω −X ·m)〉] . (D.13)
Finally, we remark that the projected generalised metric appearing in (3.38) is for-
malised by the construction of this appendix as H−1 ∈ S2(E ′), which is the im-
age of the exceptional generalised metric G−1 ∈ S2(E) in the anchor-like map-
ping π′ : E → E ′ from (D.6). This is much like the first line of (3.30), where
e2∆g−1 ∈ S2(TM) is seen to be the image of G−1 in the anchor map π : E → TM .
E Sd in constrained coordinates
In the following we provide some useful formulae for the embedding coordinate de-
scription of the round sphere Sd, mostly taken from [8]. These are needed to study
the parallelisations of the exceptional tangent bundle presented in the main text.
We parameterise Rd+1 in Cartesian coordinates as xi = r yi, i = 1, . . . d+1, with
δij y
iyj = 1 . (E.1)
Then the d-dimensional sphere Sd of radius R is obtained by fixing r = R. The
standard metric and volume form on Rd+1 induce the following round metric and
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volume form on Sd:
◦
g= R2 δijdy
idyj , (E.2)
◦
vold=
Rd
d!
ǫi1...id+1y
i1dyi2 ∧ · · · ∧ dyid+1 . (E.3)
The Killing vector fields generating the SO(n+ 1) isometries can be written as
vij = R
−1 (yikj − yjki) , (E.4)
where ki are conformal Killing vectors, satisfying
Lki
◦
g = −2yi ◦g , (E.5)
ki(yj) ≡ ιkidyj = δij − yiyj . (E.6)
The index on the coordinates yi is lowered using the Rd+1 metric δij . The Killing
vectors vij generate the so(n+ 1) algebra,
Lvijvkl = R−1 (δikvlj − δilvkj − δjkvli + δjlvki) , (E.7)
while the constrained coordinates yk and their differentials dyk transform in the
fundamental representation of SO(n+ 1) under the Lie derivative,
Lvijyk ≡ ιvijdyk = R−1 (yiδjk − yjδik) ,
Lvijdyk = R−1 (dyiδjk − dyjδik) . (E.8)
The (d− 1)-form
κi = − ◦∗ (R dyi) = R
d−1
(d− 1)! ǫij1...jd y
j1dyj2 ∧ · · · ∧ dyjd (E.9)
transforms under Lvij exactly as dyk (since Lvij preserves the round metric (E.2), it
commutes with the Hodge star):
Lvijκk = R−1 (κiδjk − κjδik) . (E.10)
We also introduce the forms
ωij = R
2 dyi ∧ dyj ,
ρij =
◦∗ ωij = R
d−2
(d− 2)! ǫijk1...kd−1y
k1dyk2 ∧ · · · ∧ dykd−1 ,
τij = R (yidyj − yjdyi)⊗
◦
vold , (E.11)
which transform in the adjoint representation of SO(d+ 1) under Lvij . Namely,
Lvijωkl = R−1 (δikωlj − δilωkj − δjkωli + δjlωki) , (E.12)
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and similarly for the others, with the same overall factor R−1.
Furthermore, one can show the relations
ιvij
◦
vold =
R
d− 1dρij , (E.13)
dκi =
d
R
yi
◦
vold , (E.14)
d ιvijκk = −d (ykρij) , (E.15)
which are proven by making use of the trivial identity y[i1ǫi2...id+2] = 0.
When computing the norm of our generalised frames, we will need the following
“squares” of the forms defined above:
vij y vkl = yiykδjl − yjykδil − yiylδjk + yjylδik ,
ωij yωkl = ρij y ρkl = δikδjl − δilδjk − (yiykδjl − yjykδil − yiylδjk + yjylδik) ,
τij y τkl = yiykδjl − yjykδil − yiylδjk + yjylδik ,
κi y κj = R
2 dyi y dyj = δij − yiyj . (E.16)
Here, the round metric
◦
g and its inverse are used to lower/raise the indices; for
instance, ωij yωkl ≡ 12
◦
g mp
◦
g nq(ωij)mn(ωkl)pq, and so on.
F Type IIB parallelisation on S3
In this appendix, we present a parallelisation of the type IIB generalised tangent
bundle on S3 which satisfies an SO(4) gauge algebra. A consistent truncation of type
IIB supergravity on S3 down to SO(4) maximal supergravity in seven dimensions has
recently been worked out in [13] adopting an exceptional field theory approach. This
was related to the S3 reduction of massless type IIA by an external automorphism
of SL(4) exchanging the 10 ⊂ 15 and the 10′ ⊂ 40′ representations. Here we
show that this type IIB truncation can also be understood in terms of generalised
parallelisations.
The type IIB generalised tangent bundle E on a three-dimensional manifold M3
is
E ≃ T ⊕ T ∗ ⊕ T ∗ ⊕ Λ3T ∗ , (F.1)
and has structure group E4(4)×R+ ≃ SL (5,R)×R+. A generalised vector transforms
in the 101 representation and can be written as
V = v + λ+ ρ+ ζ ,
where v ∈ T , λ ∈ T ∗, ρ ∈ T ∗, and ζ ∈ Λ3T ∗. The relevant Dorfman derivative can be
obtained by truncating to three dimensions the type IIB, five-dimensional Dorfman
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derivative given in [8, 63]. This yields
LV V
′ = Lvv′ + (Lvλ′ − ιv′dλ) + (Lvρ′ − ιv′dρ) + (Lvζ ′ + dλ ∧ ρ′) . (F.2)
As in the type IIA example discussed in section 6.4, we decompose the generalised
frame EˆIJ , I, J = 1, . . . , 5, under SL (4,R) as {Eij , Ei5}, with i = 1, . . . , 4. Then we
define a generalised parallelisation on S3 as
EˆIJ =
 Eˆij = vij + ρij + ιvij
◦
B ,
Eˆi5 = R dyi + yi
◦
vol3 +R dyi ∧
◦
B ,
(F.3)
with
ρij =
◦∗ (R2dyi ∧ dyj) = R ǫijkl ykdyl . (F.4)
Here, Eˆij parallelises T ⊕ T ∗, that is the part of the generalised tangent bundle
common to type IIA, while Eˆi is a parallelisation on the complement T
∗⊕Λ3T ∗. As
in section 6.4, the background two-form potential
◦
B is chosen such that
◦
H = d
◦
B =
2
R
◦
vol3 (F.5)
(we could also have twisted by a background RR two-form potential
◦
C2 ).
Evaluating the Dorfman derivative on the frame (F.3), we obtain
LEˆijEˆkl = 2R
−1
(
δi[kEˆl]j − δj[kEˆl]i
)
,
LEˆij Eˆk5 = −2R−1δk[iEˆj]5 ,
LEˆi5Eˆkl = 0 ,
LEˆi5Eˆk5 = 0 , (F.6)
which corresponds to an SO(4) frame algebra.24 This is consistent with the SO(4)
gauging of D = 7 maximal supergravity originally discussed in [54]. To see this, it
is convenient to dualise Eˆij to E˜ij =
1
2
ǫij
klEˆkl. Also renaming E˜i5 = Eˆi5, the frame
algebra now reads
LE˜II′
E˜JJ ′ = −X[II′][JJ ′][KK ′]E˜KK ′ , (F.7)
with
X[II′][JJ ′]
[KK ′] = −4 ǫ5II′L[JwL[KδK
′]
J ′] , w
IJ =
1
2R
diag
(
1, 1, 1, 1, 0
)
, (F.8)
which matches the embedding tensor given in [54] for the SO(4) gauging.
24This is the same algebra satisfied by the massive IIA generalised parallelisation on S3 discussed
in section 6.5 (cf. eq. (6.46)) – however in that case the parallelisation fails to be an SL(5) frame.
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